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Abstract. A d-contraction is a d-tuple (Ti, . . . , Tj_) of mutually commuting opera- 
tors acting on a common Hilbert space H such that 

IITia + T26 + • • • + Ta^df < Uif + 116 f + • • ■ + Udf 

for all 5i , ^2, ■ • • , € These are the higher dimensional counterparts of contrac- 
tions. We show that many of the operator-theoretic aspects of function theory in the 
unit disk generalize to the unit ball S^j in complex d-space, including von Neumann's 
inequality and the model theory of contractions. These results depend on properties 
of the d-shift, a distinguished d-contraction which acts on a new space associated 
with S^, and which is the higher dimensional counterpart of the unilateral shift. 
and the d-shift are highly unique. Indeed, by exploiting the noncommutative Cho- 
quet boundary of the d-shift relative to its generated C*-algebra we find that there 
is more uniqueness in dimension d > 2 than there is in dimension one. 
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Introduction. 

This paper concerns function theory and operator theory relative to the unit ball 
in complex d-space C^, d = 1,2, . . . . A d-contraction is a d-tuple (Ti, . . . , T^) of 
mutually commuting operators acting on a common Hilbert space H satisfying 

\\T,^i + ---+TdUf <Uif + --- + Udf, 

for every - ■ ■ ,£,d G H. This inequality simply means that the "row operator" 
defined by the d-tuple, viewed as an operator from the direct sum of d copies of H 
to H, is a contraction. It is essential that the component operators commute with 
one another. 

We show that there exist d-contractions which are not polynomially bounded in 
the sense that there is no constant K satisfying 

\\f{T,,...,Td)\\<Ksui>{\fiz,,...,Zd)\ : + • • • + < 1} 

for every polynomial /. In fact, we single out a particular d-contraction (Si, . . . , Sd) 
(called the d-shift) which is not polynomially bounded but which gives rise to the 
appropriate version of von Neumann's inequality with constant 1: for every d- 
contr action (Ti, . . . , T^) one has 

||/(ri,...,rrf)||<||/(5i,...,5,)|| 

for every polynomial /. Indeed the indicated homomorphism of commutative op- 
erator algebras is completely contractive. 

The d-shift acts naturally on a space of holomorphic functions defined on the 
open unit ball BdQC^, which we call H^. This space is a natural generalization of 
the familiar Hardy space of the unit disk, but it differs from other "H'^" spaces in 
several ways. For example, unlike the space H^{dBd) associated with normalized 
surface area on the sphere or the space H'^{Bd) associated with volume measure 
over the interior, is not associated with any measure on C^. Consequently, the 
associated multiplication operators (the component operators of the d-shift) do not 
form a subnormal d-tuple. Indeed, since the naive form of von Neumann's inequality 
described above fails, no effective model theory in dimension d > 2 could be based 
on subnormal operators. Thus by giving up the requirement of subnormality for 
models, one gains a theory in which models not only exist in all dimensions but are 
unique as well. 

In the first part of this paper we work out the basic theory of and its as- 
sociated multiplier algebra, and we show that the norm is the largest Hilbert 
norm on the space of polynomials which is appropriate for the operator theory of 
d-contr actions. 

In part II we emphasize the role of "^-morphisms" . These are completely posi- 
tive linear maps of the d-dimensional counterpart of the Toeplitz C* -algebra which 
bear a particular relation to the d-shift. Every d-contraction corresponds to a unique 
.4-morphism, and on that observation we base a model theory for d-contractions 
which provides an appropriate generalization of the Sz.-Nagy Foias theory of con- 
tractions [43] to arbitrary dimension d > 1 (see section 8). In section 7 we introduce 
a sequence of numerical invariants £J„(5), n = 1, 2, . . . for arbitrary operator spaces 
S. We show that the d-dimensional operator space Sd generated by the d-shift is 
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meiximal in the sense that En{Sd) > En{S) for every n > 1 and for every d- 
dimcnsional operator space S consisting of mutually commuting operators. More 
significantly, we show that when d > 2, 5^ is characterized by this maximality 
property. That characterization fails for single operators (i.e. one-dimensional op- 
erator spaces). We may conclude that, perhaps contrary to one's function-theoretic 
intuition, there is more uniqueness in dimension d > 2 than there is in dimension 
one. 

Since this paper is a logical sequel to [3], [4] and so many years have passed 
since the publication of its two predecessors, it seems appropriate to comment on 
its relationship to them. On the one hand, we have come to the opinion that the 
program proposed in [4, chapter 1] for carrying out dilation theory in higher di- 
mensions must be modified. That program gives necessary and sufficient conditions 
for finding normal dilations in multivariable operator theory. However, the results 
below provide two reasons why normal dilations are inappropriate for commutative 
sets of operators associated with the unit ball B^. First, they may not exist (a 
d-contraction need not have a normal dilation with spectrum in dBd, c.f. Remark 
3.13) and second, when they do exist they are not unique (there can be many nor- 
mal dilations of a given d-contraction which have the stated properties but which 
are not unitarily equivalent to each other). 

On the other hand, the results of this paper also demonstrate that other aspects 
of the program of [3,4] are well-suited for multivariable operator theory. For exam- 
ple, we will see that boundary representations... the noncommutative counterparts 
of Choquet boundary points in the commutative theory of function spaces... play an 
important role in the operator theory of B^. Boundary representations serve to ex- 
plain the notable fact that in higher dimensions there is more uniqueness than there 
is in dimension one (cf. Theorem 7.7 and its Corollary), and they provide concrete 
information about the absence of inner functions for the d-shift (cf. Proposition 
8.13). 

We were encouraged to return to these problems by recent results in the theory 
of -Eo-semigroups. There is a dilation theory by which, starting with a semigroup 
of completely positive maps of B{H), one obtains an £^o-semigroup as its "mini- 
mal dilation" [14,6,7,8,9,10]. In its simplest form, this dilation theory starts with 
a normal completely positive map P : 13(H) 13(H) satisfying P(l) = 1 and 
constructs from it a unique endomorphism of B(K) where K is a Hilbert space 
containing H. When one looks closely at this procedure one sees that there should 
be a corresponding dilation theory for sets of operators such as d-contractions. 

We have reported on some of these results in a conference at the Fields institute 
in Waterloo in early 1995. That lecture concerned the dilation theory of semigroups 
of completely positive maps, ^-morphisms and the issue of uniqueness. However, 
at that time we had not yet reached a definitive formulation of the application to 
operator theory. 

There is a large literature relating to von Neumann's inequality and dilation 
theory for sets of operators, and no attempt has been made to compile a compre- 
hensive list of references here. More references can be found in [26], [27]. Finally, 
I want to thank Raul Curto for bringing me back up to date on the literature of 
multivariable operator theory. 

1. Basic properties of H^. Throughout this paper we will be concerned with 
function theory and operator theory as it relates to the unit ball B^ in complex 
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d-dimensional space C^, d = 1,2,..., 

Bd = {z = {zi,Z2,...,Zd) eC^ : \\z\\ < 1}, 
where ||2;|| denotes the norm associated with the usual inner product in 

\\zf = \zi\'^ + \Z2\'^ + ■ ■ ■ + {Zdl"^ ■ 

In dimension d = 1 there is a famiUar Hardy space which can be defined in several 
ways. We begin by reiterating one of the definitions of in a form that we will 
generalize verbatim to higher dimensions. Let V be the algebra of all holomorphic 
polynomials / in a single complex variable z. Every f has a finite Taylor series 
expansion 

f{z) = ao + aiz-\ h a^z" 

and we may define the norm ||/|| of such a polynomial as the i"^ norm of its sequence 
of Taylor coefficients 

(1.1) ll/f = |aor + |ai|2 + --- + K|^ 

The norm ||/|| is of course associated with an inner product on V, and the comple- 
tion of V in this norm is the Hardy space H'^. It is well known that the elements 
of can be realized concretely as analytic functions 

f:{\z\<l}^C 

which obey certain growth conditions near the boundary of the unit disk. 

Now consider the case of dimension d > 1. V will denote the algebra of all 
complex holomorphic polynomials / in the variable 2; = (zi, 2:2, . . . , Zd)- Every such 
polynomial / has a unique expansion into a finite series 

(1-2) f{z) = h{z)+h{z) + --- + fn{z) 

where ft is a homogeneous polynomial of degree k. We refer to (1.2) as the Taylor 
series of /. 

Definition 1.3. Let V he a complex vector space. By a Hilhert seminorm on V we 
mean a seminorm which derives from a positive semidefinite inner product (•, •) on 
V by way of 

\\x\\ = (xjx)^^"^ , X eV. 

We will define a Hilbert seminorm on V by imitating formula (1.1), where 
is replaced with f^- To make that precise we must view the expansion (1.2) in a 
somewhat more formal way. The space E = is a c?-dimensional vector space 
having a distinguished inner product 

{z, w) = Zi-iDi + Z2W2 H h ZdWd- 

For each n = 1, 2, . . . we write E" for the symmetric tensor product of n copies 
of E. E^ is defined as the one dimensional vector space C with its usual inner 
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product. For n > 2, E"- is the subspace of the full tensor product E'®" consisting 
of all vectors fixed under the natural representation of the permutation group Sn, 

E^ = {^e E^^ :U^^ = ^, TT G Sn}, 

[/tt denoting the isomorphism of E®'^ defined on elementary tensors by 

U^{zi Z2 • • • z„) = 2:^-1(1) ® • • • (8) z^-^n), zi G E. 

For a fixed vector z E E we will use the notation 

= z®" G 

for the n-fold tensor product of copies of z (z° G E'^ is defined as the complex 
number 1). E"' is linearly spanned by the set {z" : z e E}, n = 0,1,2, ... . 

Now every homogeneous polynomial g : E ^ C degree k determines a unique 
linear functional g on E'' by 

g{z) = ~g{z^), zeE 

(the uniqueness of g^ follows from the fact that E'^ is spanned by {z'^ : z G E}), 
and thus the Taylor series (1.2) can be written in the form 

n 

fiz)=^fk{z''), ZEE, 

k=0 

where fk is a uniquely determined linear functional on E'^ for each k = 0,1, . . . ,n. 
Finally, if we bring in the inner product on E then E®'' becomes a d'^-dimensional 
complex Hilbert space. Thus the subspace E'^ is also a finite dimensional Hilbert 
space in a natural way. Making use of the Riesz lemma, we find that there is a 
unique vector G E'^ such that 

^(z'=) = (z^6), ZEE, 

and finally the Taylor series for / takes the form 

n 

(1.4) /(^) = ^(^^a>, zeE. 

k=0 

We define a Hilbert seminorm on V as follows 

(1-5) \\ff=Uof + Ulf + --- + Unf- 

The seminorm || • || is obviously a norm on V in that ||/|| = =^ f = 0. 

Definition 1.6. ifj is defined as the Hilbert space obtained by completing V in the 
norm (1.5). 

When there is no possibility of confusion concerning the dimension we will ab- 
breviate with the simpler H^. We first point out that the elements of can 
be identified with the elements of the symmetric Fock space over E, 

J^+{E) = E^®E^®E^®... 

the sum on the right denoting the infinite direct sum of Hilbert spaces. 
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Proposition 1.7. For every f let Jf be the element of J^j^{E) defined by 

J/ = (Co,6,---) 

where ^o^'^i)--- is the sequence of Taylor coefficients defined in (1-4), continued 
so that ^fc = for k > n. Then J extends uniquely to an anti-unitary operator 
mapping onto J-j^{E). 

proof. The argument is perfectly straightforward, once one reahzes that J is not 
Unear but anti-Unear □ 

We can also identify the elements of H"^ in more concrete terms as analytic 
functions defined on the ball B^: 

Proposition 1.8. Every element of can be realized as an analytic function in 
Bd having a power series expansion of the form 

oo 

fi^) = ^{^'''^k) z = {zi,...,Zd) eBd 

k=0 

where the norm of f is given by = ll^felP < c)o. Such functions f 

satisfy a growth condition of the form 



proof. Because of Proposition (1.7) the elements of can be identified with the 
formal power series having the form 



(1-9) /(^)=J;<z^6>, 

fc=0 

where the sequence € E^ satisfies 

CXD 

(1-10) Y.\\^kr = \\fr<^. 



k=0 

Because of (1.10) the series in (1.9) is easily seen to converge in B^, and satisfies 
the stated growth condition. 

In more detail, since the norm of a vector in E'' of the form z^, z ^ E, satisfies 

llz'=l|2 = (z^z'=) = (z,z)' = ||zf^ 

we find that 

l^^a)l<lk'll•llall<ll^fllall, 

and hence for dl\ z ^ E satisfying < 1 we have 

oo oo CXD 

k=0 k=0 k=0 
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as asserted □ 

We will make frequent use of the following family of functions in H^. For every 
X G Bd define -u^ : -Bd — > C by 

(1.11) u^{z) = {l-{z,x))-\ \\z\\<l. 

Ux{z) is clearly analytic in z and co-analytic in x. The useful properties of the set of 
functions {u^ : x G B^} are summarized in the following proposition, which gives 
the precise sense in which H"^ is characterized in abstract terms by the positive 
definite reproducing kernel k : Bd x Bd ^ C, 

Hx,y) = (1 - {x,y))~^. 

Proposition 1.12. belongs to for every x £ Bd and these functions satisfy 

(1.13) {u:„Uy) = {1- {y,x))-\ 

is spanned by {u^ ■ x £ Bd}, and for every f G we have 

(1.14) /(z) = (/,«,), zeBd. 

Moreover, if K is any Hilbert space spanned by a subset of its elements {v^ x G 
Bd} which satisfy 

{vx,Vy) = {y,x))~'^, x,yeBd, 
then there is a unique unitary operator W : — ^ K such that Wu^ = Vx, x E Bd- 

proof. The proof is straightforward. For example, to see that belongs to we 
simply examine its Taylor series 

oo 

Ux{z) = (1 - {z, x))~^ = ^{z,x)^ . 
Noting that {z,x)^ = i^z^^x'^) we can write 

oo 

^x(^) = ^<2;^x'=)g, . 

fc=0 

This shows that the sequence of Taylor coefficients of is 

Ju, = (l,x,x2,...)G.F+(^). 
Hence Ux belongs to H"^ and we have 

oo 

{Ux,Uy) = {JUy,JUx)j.^^E) = XI ^y'^'f^ = (1 - {y^x))~^. 

k=0 

Formula (1.13) follows. 

Similarly, a direct application of Proposition 1.7 establishes (1-14). From the 
latter it follows that {u^ ■ x G Bd} spans H^. Indeed, if / is any function in 
which is orthogonal to every then 

f{z) = if, u^) = for every z G Bd, 

hence / = 0. 

Finally, the second paragraph is obvious from the fact that for every finite subset 
Xi, . . . ,Xn G Bd and ci , . . . , c„ G C wc have 

llci-Uxi H 1- CnU^^ IP = llciVa;, H h C„Vx„ |P, 

which is apparent after expanding both sides and comparing inner products □ 

The norm is invariant under the natural action of the unitary group of C^, 
as summarized by 
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Corollary. Let V be a unitary operator on the Hilbert space E = C^. Then there 
is a unique unitary operator r(F) G B{H^) satisfying 

(1.15) T{V)ux = uvx, X £ Bd- 

T is a strongly continuous unitary representation ofU{C^) on whose action on 
functions is given by 

(1.16) nV)fiz) = f{V-'z), zeBaJe H\ 

proof. Fix V G U{C'^). For any x,y e we have 

{uvx,uvy) = (1 - {Vy, Vx))~^ = (1 - {y, x))~'^ = {u^,Uy) . 

It follows from Proposition 1.12 that there is a unique unitary operator T{V) £ 
B{H^) satisfying (1.15). It is clear from (1.15) that T{ViV2) = T{Vi)T{V2), and 
strong continuity follows from the fact that 

{r{V)ua;,Uy) = {uvx,Uy) = (1 - {y,Vx))~'^ 

is continuous in V for fixed x,y G B^, together with the fact that is spanned 
by {u^: ze Ba}. 

Finally, from (1.14) we see that for every / G H"^ and every z £ B^, 

f{V-'z) = (/,uy-i,) = {f,T{V-')u,) = {f,r{Vru,) 
= {r{V)f,u.) = {T{V)f){z), 

proving (1.16) □ 

2. Multipliers and the d-dimensional shift. 

By a multiplier of we mean a complex-valued function f : B^, ^ C with the 
property 

f ■H'^ C H^. 

The set of multipliers is a complex algebra of functions defined on the ball B^ which 
contains the constant functions, and since itself contains the constant function 1 
it follows every multiplier must belong to H^. In particular, multipliers are analytic 
functions on B^. 

Definition 2.1. The algebra of all multipliers is denoted M.. H°° will denote the 
Banach algebra of all bounded analytic functions f : B^, ^ C with norm 

ll/IU = sup \f{z)\. 

The following result implies that Ai C H°° and the inclusion map of Ai in H°° 
becomes a contraction after one endows M with its natural norm. 
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Proposition 2.2. Every f E M defines a unique bounded operator Mf on by 
way of 

Mf.geH^^f-geH^ 

The natural norm in M 

ll/l|A^ = sup{||/-5||:5e//M|5||<l} 

satisfies 

\\f\\M = \\Mf\\, 

the right side denoting the operator norm in B{H'^), and we have 

ll/lloo < II/IIa^, feM. 

proof. Fix f G Ai. Notice first that if g is an arbitrary function in then by 
(1.16) we have 

(2.3) {Mfg, u,) = {f-g, u,) = f{z)g{z). 

A straightforward apphcation of the closed graph theorem (which we omit) now 
shows that the operator Mf is bounded. 

It is clear that ||/||a^ = We claim now that for each x e one has 

(2.4) M}u^ = f{x)u^. 

Indeed, since H'^ is spanned by {uy : y G 3^} it is enough to show that 

{MfU^,Uy) = f{x) {Ua:,Uy) , y e Bd. 

For fixed y the left side is 

{Ux,f ■ Uy) = (/ • Uy,Ux) 

By (1.16) the latter is 

f{x)uy{x) = f{x){l - (x,y))-i = /(x)(l - {y,x))~^ = f{x) {u^^Uy) , 

and (2.4) follows. 

Finally, (2.4) implies that for every x e B^we have 

\f{x)\ = ||m;^x,||/||u,|| < ||m;ii = ||Mj|| = ||/||^ 

as required □ 

We turn now to the definition of the d-dimensional analogue of the unilat- 
eral shift. Let ei,e2,...,ed be an orthonormal basis for E = C^, and define 
zi,Z2,...,Zd eVhj 

Zk{z) = {z,ek) , xe&. 

Such a d-tuple of linear functionals will be called a system of coordinate functions. 
If z'l, Z2, . . . , z'^ is another system of coordinate functions then there is a unique 
unitary operator V G H(C'') satisfying 

(2.5) 4(x) = Zfe(F-^x), l<k<d, xGC^. 
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Proposition 2.6. Let zi, Z2, ■ ■ ■ , Zd be a system of coordinate functions for C^. 
Then for every complex number a and polynomials fi, f2, ■ ■ ■ , fd ^ 'P we have 

\\a-l + zi/i + • • • + Zdfdf < \af + Wfif + ■■■ + ll/df , 

II • II denoting the norm in . 

proof. We claim first that each Zk is a multipher. Indeed, if / G H"^ has Taylor 
series 

oo 

/(x) = 

n=0 

with llCniP = II/IP < OO then we have 

oo 

(2.7) Zfc(a;)/(x) = ^(x,efc)(a;",U- 



n=0 



Now 



(x, Cfe) (x", Cn) = efc (g) ^n) ■ 

So if efc • ^„ denotes the projection of the vector <8) ^ ® to the subspace 
then (2.7) becomes 

OO 

Zfc(a;)/(x) = ^(x"+\efc-Cn>. 

71=0 

Since 

oo oo 
n=0 n=0 

it follows that z^f ^ H"^ and in fact 

Ikfe/ll < 11/11, feH\ 

Thus each multiplication operator M^^, is a contraction in B{H'^). Consider the 
Hilbert space 

K = C(BH^ e---®H^ 

d times 

and the operator T : K ^ defined by 

T{a, /i, . . . , /d) = a • 1 + zi/i H h 

The assertion of Proposition 2.6 is that ||T|| < 1. In fact, wc show that the adjoint 
of T, T* : — > K, is an isometry. A routine computation implies that for all 
/ G ff^ we have 

T*f = {{f,l),A\f,...,Ay)eK, 

where we have written for the multiplication operator M^^,, A; = 1, . . . , c/. Hence 
TT* e B{H^) is given by 

TT* =Eo + A^Al + ■■■ + AdA* 

where Eq is the projection on the one-dimensional space of all constant functions 
in H^. We establish the key assertion as a lemma for future reference. 
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Lemma 2.8. Let zi,...,Zd be a system of coordinate functions for C and let 
Ak = , k = 1,2, . . . ,d. Let Eq he the projection onto the one- dimensional space 
of constant functions in . Then 

Eo + AiAl + ...AdA*^ = l. 

proof. Since is spanned by {uz : z G it is enough to show that for all 
x,y ^ Bd we have 

d 

(2.9) {EqU^, Uy) + ^ {AkAlu^, Uy) = {U^, Uy) . 

k=l 

Since each A^ is a multiplication operator, formula (2.4) implies that 

Alux = Zk{x)ux = {ek,x) Uoo, 
for X & Bfi- Thus we can write 

d d d 

^ {AkAlu^, Uy) = ^ {Alu^,Aluy) = ^ {ek,x) {y, eu) {u^,Uy) 

k=l k=l k=l 

= {y, x) {u^, Uy) = {y, x) (1 - (y, x))"^ 

On the other hand, noting that uq = 1 and ||?xo|| = 1, the projection Eq is given by 
^o(/) = (/,Mo) uo, f e H^. Hence 

{EoUx,Uy) = {Ux,U0) {UQ,Uy) = 1 

because {ux, uq) = (1 — {x, 0))~^ = 1 for every x G B^,. It follows that 

d 

{Equ^, Uy) + ^ {AkAlux, Uy) = 1 + {y, x) (1 - {y, x))"^ = (1 - {y, x))~'^ 

k=l 

= {Ux, Uy) , 

as asserted □ 

That completes the proof of Proposition 2.6 □ 

Definition 2.10. Let zi, . . . ,Zd be a system of coordinate functions for and let 
Sk = Mz^, A; = 1, 2, . . . , d. The d-tuple of operators 

S = {Si,S2, - ■ ■ , Sd) 
is called the d- dimensional shift or, briefly, the d-shift. 

Remarks. The component operators S*!, . . . , 5'^ of the d-shift are mutually commut- 
ing contractions in B{H^) which satisfy 

SiSl -I- • • • -I- SdSd = 1 — Eq 
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where Eq is the projection onto the space of constant functions in H^. In particular, 
we conclude from Proposition 2.6 that for any /i, . . . , /d € H"^ 

\\Sih + --- + Sdfdf<\\hf + --- + \\fdf. 

Notice too that if we replace zi, . . . ,Zd with a different set of coordinate func- 
tions z[, . . . , z'^ foT then then the operators (^i, . . . , So) change to a new d-shift 
(S'l, . . . , S'^). However, this change is not significant by virtue of the relation be- 
tween Zk and z^. More precisely, letting V be the unitary operator defined on 
by (2.5), one finds that 

T{V)Skr{V)-' = S'k, k = l,2,...,d, 

that is, {S'l, . . . , S'^) and {Si, . . . , Sd) are unitarily equivalent by way of a natural 
unitary automorphism of . In this sense we may speak of the d-shift acting on 
H^. In particular, we may conclude that each component operator Si is unitarily 
equivalent to every other one Sj, 1 < j < d. 

Finally, if / is any polynomial in V then we may express M /• as a polynomial in 
the operators Si, . . . , S^ as follows. We find a polynomial function g{wi, . . . , w^) of 
d complex variables with the property that / is the composite function of g with 
the coordinate functions zi, . . . , z^, 

f{x) = g{zi{x),...,Zd{x)), X e Bd. 

Once this is done the multiplication operator Mf becomes the corresponding poly- 
nomial in the operators ^i, . . . , Sd- 

Mf = g{Si,...,Sd). 

We emphasize that in the higher dimensional cases d > 2, the operator norm 

||Mj|| can be larger than the sup norm ||/||oo (see section 3 below). On the other 
hand, in all dimensions the spectral radius r{Mf) of any polynomial multiplication 
operator satisfies 

(2.11) r{Mf) = sup \f{z)\. 

In the following result we establish the formula (2.11). That follows from a straight- 
forward application of the Gelfand theory of commutative Banach algebras and we 
merely sketch the details. 

Proposition 2.12. Let A be the norm closed subalgebra ofB{H'^) generated by the 
multiplication operators Mf, f &V. 

Every element of A is a multiplication operator Mf for some f E M which 
extends continuously to the closed ball Bd, and there is a natural homeomorphism 
of the closed unit ball onto the space cf{A) of all complex homorphisms of A, x i— > Ux, 
defined by 

iOx{Mf) = f{x), \\x\\ < 1. 
For every such f E M one has 

lim ||M?||i/^ = sup \f{x)\. 

||x||<l 
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proof. Since the mapping f e M. Mf G B{H'^) is an isometric representation 
of the multiplier algebra on which carries the unit of M to that of B{H'^), it 
is enough to work within Ai itself. That is, we may consider A to be the closure 
in A4 of the algebra of polynomials, and basically we need to identify its maximal 
ideal space. 

Because of the inequality ||/||oo < ll/ll>f of Proposition 2.2, wc can assert that 
for every polynomial / and every x € Cd satisfying ||x|| < 1 we have 

< sup \f{z)\ = ll/IU < \\f\\M. 
It follows that there is a unique complex homomorphism uj^ of A satisfying 

i^.U) = fix), feP. 

For all g £ A we now have a natural continuous extension ^ of 5 to the closed unit 
ball by setting 

g{x) = u^ig), \\x\\ < 1. 

X u>x is a one-to-one continuous map of the closed ball in onto its range in 
a{A)- To see that it is surjective, let uj be an arbitrary element of a{A). Then for 
every y G we may consider the linear functional 

y{z) = {z,y), zeC"^. 

The map y y is an antilinear mapping of onto the space of linear functions in 
V and we claim that \\y\\M ^ Indeed, assuming that y ^ 0, the linear function 

u{x) = y{x)/\\y\\ = {x,y)/\\y\\ 

is part of a system of coordinates for C^. Proposition 2.6 implies \\u\\m < 1) hence 
WvWm < ||y||- Thus, y I— u!{y) defines an antilinear functional on satisfying 

It follows that there is a unique vector x in the unit ball of such that 

oo{y) = {x,y), yeC^. 

Thus, uj{f) = i^xif) on every linear functional /. Since both uj and uj^ are contin- 
uous unital homomorphisms of A, since V is the algebra generated by the linear 
functions and the constants, and since V is dense in A, it follows that lo = u^, and 
the claim is proved. 

Thus we have identified the maximal ideal space of A with the closed unit ball in 
C''. From the elementary theory of commutative Banach algebras we deduce that 
for every / in ^, 

hm lir 11^" = r(/) = sup{|u;(/)| : u G a{A)} = sup{|/»| : ||x|| < 1} = ||/||oo, 

n— »oo 

completing the proof of Proposition 2.12 □ 

The realization of the d-shift as a d-tuple of multiplication operators on the 
function space is not always convenient for making computations. We require 
the following realization of {Si, . . . , Sd) as "creation" operators on the symmetric 
Fock space J^-^-{E). 
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Proposition 2.13. Let ei, . . . be an orthonormal basis for a Hilbert space E of 
dimension d. Define operators Ai,. . . ^A^ on J^+{E) by 

Ai^ = e,t i^^+{E) 

where ei^ denotes the projection o/ei(g)^ € ^{E) to the symmetric subspace J-j^{E). 
Let zi, . . . ,Zd be the system of orthogonal coordinates Zi{x) = (x,ej), 1 < i < d. 
Then there is a unique unitary operator W : — > T+{E) such that W{1) = 1 and 

(2.14) W{zi,...ZiJ = ei,...ei„, n > 1, ik e {1,2, . . . ,d}. 

In particular, the d-tuple of operators {Ai, . . . , A^) is unitarily equivalent to the 
d-shift. 

proof. For every x e E satisfying ||x|| < 1 define an element G ^+{E) by 

= I® X® x'^ ® x'-^ ® . . . . 
it is obvious that ||vx|P = (1— lls^ll^)""^ and, more generally, 

{vx,Vy) = (1 - {x,y))~^, \\x\\, \\y\\ < 1. 

J--^-{E) is spanned by the set {v^ '■ \\x\\ < 1}. 

Let {ux ■ \\x\\ < 1} be the set of functions in defined in (1.11), and let * be 
the unique conjugation of E defined by e* = 6,, that is, 

(aici H h adCd)* = aiei H h aaea- 

Then we have 

{Ux,Uy) = (1 - {y,x))~^ = (1 - {X*,y*))~^ = {Vx*,Vy*) 

for all x, y in the open unit ball of E. By Proposition 1.12 there is a unique unitary 
operator W : H'^ ^ ^+{E) such that W{ux) = v^*, \\x\\ < 1. 

We have W{1) = W{uo) = vq = 1. Choose x £ E satifying ||x|| < 1 and let fx 
denote the linear functional on E defined by fx{z) = {z,x). We have ||/x||h2 < 1 
and in fact ||/"||i/2 < 1 for every n = 0, 1, 2, . . . . Hence for every < r < 1 and 
every z E B^, we have 

CO oo 

urxiz) = (1 - {z,rx))-' = ^r" {z,xr = Y.^V:{z) G H\ 

Similarly, 

oo 

n=0 

Setting W{urx) equal to Vrx* and comparing coefficients of we obtain 

w{f:) = {x*r 
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for every n = 0, 1, It follows that 

(2.15) w^(/x./x..../xJ = x^x^..< 

for every x-i,X2, ■ ■ ■ ,Xn & E. Indeed, setting 

L{xi,X2,...,Xn) = W{f^Jx^ ■■■fx J 
R[xi, X2, • ■ • , X^) = X^X2 ■ ■ ■ X^ 

ioT Xi,X2, ■ ■ ■ ,Xn G E, we see that both L and R are symmetric n-antilinear map- 
pings which agree when xi = X2 = • • • = x„ G B^. Hence L = R and (2.15) follows. 
We obtain (2.14) by taking x^ = e^j. in (2.15). 

(2.14) obviously implies WSi = AiW for z = l,...,d, so that the d-tuples 
{Si, . . . , Sd) and (^i, . . . , Ad) are unitarily equivalent □ 

3. von Neumann's inequality and the sup norm. 

Definition 3.1. A d- contraction is a d-tuple of operators T = (Ti, . . . , T^) acting 
on a common Hilbert space H which commute with each other and satisfy 

\mi + ---+Td^df<Uif + --- + Udf, 

for every ^i, . . . , e -H". 

Remark 3.2. We make frequent use of the following observation. For operators 
Ti, . . . on a common Hilbert space the following arc equivalent. 

(1) ||ri6 + • • • + TdU? < Uif + ■■■ + Udf for all 6, . . . e if. 

(2) TiT* + ■■■ + TdT* < 1. 

To see this let d • i? denote the direct sum of d copies of H, and let T G B{d ■ H, H) 

be the operator defined by T(^i, ■ ■ ■ ,id) = ^i^i H \-Td^d- A simple computation 

shows that the adjoint T* : H d ■ H is given by 

T*^ = iT*^,...,T*0^ 

Thus TT* is the operator in B{H) given by f f* = TiTf + • • • + TdT*. The 
equivalence of (1) and (2) follows. 

Notice that the d-shift S = (Si, . . . , Sd) acting on is a ci-contraction. Per- 
haps the most natural generalization of von Neumann's inequality for d-dimensional 
operator theory would make the following assertion. Let T = (Ti, . . . ,Td) be a 
d-contraction and let / = f{zi,...,Zd) be a polynomial in d complex variables 
zi,... ,Zd. Then 

\\f{Ti,...,Td)\\ < sup \f{zi,...,Zd)\. 

\\z\\<l 

In this section we show that this inequality fails rather spectacularly for the d-shift, 
in that there is no constant K for which 

\\fiSi,...,Sd)\\<K sup \fizi,...,zd)\, 

\\z\\<l 

holds for all polynomials /. It follows that the multiplier algebra is a proper 
subalgebra of H°°. Indeed, we exhibit continuous functions 

f -.{zeC^ : \\z\\ < 1} ^ C 

which are analytic in the interior of the unit ball and which do not belong to M. 

We will establish the appropriate version of von Neumann's inequality for di- 
mension d > 2 in section 8. 
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Theorem 3.3. Assume d > 2. Let co,ci,... be a sequence of complex numbers 
having the properties 

oo 

(i) '^K\ = l, 

n=0 
oo 

(ii) x;i^"i'"^'"'^^'=°°' 

n=0 

and define a function f{zi, . . . , Zd) for \zi\^ + ■ ■ ■ + \zdf' <\ as follows 

oo 

(3.3) f{zr,...,za) = Y.^-^{z,z^...zar, 

where s denotes the sup norm 



n=0 



(3.4) s = sup \ziZ2 ■■■Zd\ = \l 

kiP+-+kd|2<i 



Then the power series (3.3) converges uniformly over the closed unit ball to a func- 
tion f satisfying \\f\\oo < 1- The restriction of f to does not belong to . 
Letting /o, /i, /2, ■ ■ ■ be the sequence of Taylor polynomials 



N 



fNizi,...,Zd) = ^ -^{ziZ2...Zd)"-, 



S' 

n=0 

then we have ||/Ar||oo ^ 1 for every N while 

(3.5) Jim \\fN{Si,...,Sd)\\ = lim \\f^\\^=^. 

iV— >oo Af— >oo 

Remarks. It is clear that the function / belongs to the "ball algebra"', that is the 
closure in the sup norm || • ||oo of the algebra of polynomials. On the other hand, 
/ does not belong to the multiplier algebra Ai, and in particular the inclusion 
M C H°° is proper. 

Note too that it is a simple matter to give explicit examples of sequences cq , ci , . . . 
satisfying conditions (i) and (ii). For example, let S be any infinite subset of the 
nonnegative integers which is sparse enough so that 

J2 „(rf-i)/4 < 
nes 

If we set c„ = l/n^*^"-^)/^ if n G and c„ = otherwise, then we obviously have (ii) 
because S is infinite, and (i) can also be achieved after multiplying the sequence by 
a suitable positive constant. 

proof. The formula (3.4) for the sup norm. 



s = d-^/^ 
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follows from the elementary fact that 

with equality iff | ;Zi | = | Z2 1 = • • • = \zd\- 

Let p be the homogeneous polynomial p{zi, . . . , Zd) = Z1Z2 ■ ■ ■ Zd- Then for every 
n = 0, 1, 2, . . . we have 

||„n|| _ _ j-nd/2 _ n 

\\P Woo — l|/^lloo — — ■ 

It follows that the power series (3.3) 

oc 

C 



^^p{zu...,zdy 



„ s 

converges uniformly over the unit ball to /. Thus it remains to establish the 
condition (3.5). 

Now for any polynomial g in the d complex variables zi, . . . ,Zd we have 

\\g{Si, ...,Sd)\\> \\g{Si, . . . , Sd)l\\H^ = Ibllfl-^. 

Thus it suffices to show that the sequence of Taylor polynomials fo, fi, f2, ■ ■ ■ de- 
fined by the partial sums of the series diverges in the norm, that is 



(3.6) sup ll/iv 11^2 = ^ 



,2lb"lll^^ 



^"1 ,n||2 =°°- 



N — \\P- „oo 

In order to establish (3.6) we will show that there is a positive constant A such 
that 

(3.7) > Ac^-''V'^-^)/^ 

for all n = 1, 2, . . . . In view of the fact that Hp"]!^ = d""*^ and the series 
12n IcnP^T-*''^"^^^^ diverges, (3.6) will follow. 

The estimate (3.7) is based on the following computation. Since the result is a 
statement about certain norms in the symmetric Fock space over C^, it is likely that 
the result of Lemma 3.8 can be found in the literature. Since we arc not aware of 
an appropriate reference and since the estimate (3.7) depends essentially on these 
formulas, we have provided the details. 

Lemma 3.8. Let ei, 62, . . . , be an orthonormal basis for E = C^. Then for 
every d-tuple of nonnegative integers k = {ki, . . . , kd) we have 

\l^k^k, fe,||2 _ h\k2\...kdl 

where \k\ = ki + k2 + • • • + kd- 

Remark. Regarding notation, we have written e\^e2^ ■■■^d'^ the projection of 
the vector 

g®fci (g) ef''^ ® • • • (g) e^''^ e E^\''\ 
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to the symmetric subspace E'l'^' C 

proof. For . . . , G -E = we write yiy2 ■ ■ - Up for the projection of yi (8) 2/2 <^ 
■ ■ ■ <S) Up & to the symmetric subspace E'p . Fixing a £ E, and p > 1 we have 
an associated "creation operator" A : EP~^ —>■ E^ defined by 

A{xiX2 ■ ■ ■ Xp-i) = axiX2 ■ ■ ■ Xp-i, X E E. 

We claim first that for p > 1, the adjoint A* : E^ ^ Ep~^ is given by 

p 

P 



1 ^ 

(3.9) A*{yiy2 . . . y^) = - ^ {yk, a) yi . . .yu . . .yp 



fc=i 



where jjk means that the term y^ is missing from the symmetric tensor product. 
Indeed, if C denotes the right side of (3.9) then for every x & E we have 



1 

{C,xP~'^) = . . . {yk-i,x) {yk,a) {yk+i,x) . . . {yp,x) 

^ k=i 

= (yi (8) • • • yp,p~^{a<Si xP~'^ + a; (g) a (g) a;^"^ \- x^''^ (g) a)) . 



Since 

p-\a ® xP-^ + ar (g) a (g xP'^ ■■■ + x^'^ (g a) = ax^"^ G E^, 
the right side of the preceding formula becomes 

(yi (g • • -^yp^axP'^) = {ym ■ ■ ■yp,axP~'^) = {A* {yiy2 . . . yp) , x^''^) . 

(3.9) now follows because E'p~^ is spanned by vectors of the form x^"^, x e E. 

To prove Lemma 3.8 we proceed by induction on the total degree \k\. The 
formula is obvious for \k\ = 0. Assuming that \k\ > 1 and that the formula has 
been established for total degree |/>;| — 1 then we may assume (after relabelling the 
basis vectors ei, . . . , if necessary) that fci > 1. 

Taking a = ci in (3.9) and noting that (ei , ei) = 1 and (ci , e^) = if j = 2, . . . , d, 
we find that 

\k\- 



A*(pki k2 kd\ _ fci-1 fca fcd 

^ ^2 ■ ■ ■ ' ~ \u 1 2 ■ ■ - ^d ■' 



hence 



The required formula now follows from the induction hypothesis □ 
Setting ki = k2 = ■■■ = kd = n in Lemma 3.8, we obtain 



(6162 . . . ed)"|||nd = 



n„2 _ jn^' 
{nd)V 
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and after obvious cancellations we find that 

("')'^ ^ / ^^'^~\ l/2 (d-l)/2 

{nd)\ ^ d ' 

In order to deduce (3.7) from the latter, choose an orthonormal basis ei, 62, . . . , 
for so that 

Zkix) = {x,ek) , k = l,2,...,d. 

Then 

\\{ziZ2 . . . Zdr\\%2 = \\ie1e2 . . . ed)"|||„d 

and (3.7) follows after choosing A to be a positive number appropriately smaller 
than ^y2^^'^~^ /d. That completes the proof of Theorem 3.3 □ 

Remark 3.10. We recall that a d-tuple of commuting operators T = (Ti, T2, . . . , Td) 
on a Hilbert space H is said to be subnormal if there is a commuting d-tuplc of 
normal operators N = {Ni,N2, ... ,Nd) on & larger Hilbert space K ^ H such that 

Tk = Nk\H, k = l,2,...,d. 

The one-dimensional unilateral shift can be extended to a unitary operator on a 
larger space. That situation is unique to dimension 1, as wc have 

Corollary 1. For every d > 2 the d-shift is not subnormal. 

proof. In Proposition 2.12 we identified the maximal ideal space of the unital Ba- 
nach algebra generated by the d-shift with the closed unit ball in C^. In particular, 
for every polynomial / the spectral radius of /(Si, . . . , Sa) is given by 

r{f{Si,...,Sd)) = sup \f{zi,...,Zd)\. 

If the d-shift were subnormal then f{Si, . . . , Sd) would be a subnormal operator for 
every polynomial /, hence its norm would equal its spectral radius [22, Problem 
162], contradicting Theorem 3.3. □ 

The two most common Hilbert spaces associated with the unit ball Bd arise 
from measures. These are the spaces H^{dBd) associated with normalized surface 
measure on the boundary of Bd and the space H^{Bd) associated with normalized 
volume measure on Bd [37]. It is reasonable to ask if the space can be associated 
with some measure on C*^. The answer is no because that would imply that the 
d-shift is subnormal, contradicting Corollary 1. The details are as follows. 

Corollary 2. There is no positive measure fj, on C^, d>2, with the property that 



\\ffH^= I \f{^)?dn{z) 
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for every polynomial f. 

proof. Suppose that such a measure /x did exist. // must be a probabihty measure 

because ||1||_h'2 = 1, and it must have finite moments of all orders. 

We claim that /j, must have compact support. Indeed, if / is any linear functional 
on of the form f{x) = {x, e) where e is a unit vector of then by Lemma 3.8 
we have 

Iirill^^ = l|e1ll"=l 

for every n = 1,2, . . . . Hence 

/ \f{z)f-dn{z) = l. 

Taking 2nth roots we find that the function / has norm 1 when it is considered an 
element in the space L^^C^ for p = 2, 4, 6, ... . Letting X be the closed support 
of the measure ji we find that 

sup|/(z)|= lim(/ |/|2-dM)^/'" = L 

This proves that for every z ^ X and e in the unit ball of we have 

<1, 

thus X must be contained in the closed unit ball of C*. 

Now we simply view the d-shift as a d-tuple of multiplication operators in the 
space L^(/i). Here, Sk is multiplication by acting on the closure (in 
of the space of polynomials. This d-tuple {Si, . . . ,Sd) is obviously subnormal, 
contradicting Corollary 1 above □ 

Remark 3.11. In the conventional approach to dilation theory one seeks normal 
dilations for operators or sets of operators. Theorem 3.3 implies that this approach 
is inappropriate for d-contractions and the unit ball of in dimension greater than 
one. Indeed, if (A''i, . . . , N^) is a d-tuple of mutually commuting normal operators 
whose joint spectrum is contained in the closed unit ball of then for every 
polynomial f eV we have 

||/(iVi,...,iVrf)||< sup \f{z)\. 

zeBd 

Since Theorem 3.3 implies that there are polynomials / for which the inequality 

\\f{Si,...,Sd)\\< sup|/(z)| 

zeBd 

fails, one cannot obtain such operators /(-Si, . . . , Sd) by compressing f{Ni, . . . , Nd) 
to any subspace. Thus the d-shift cannot be dilated to a normal d-tuple having its 
spectrum in the closed unit ball. 

4. Maximality of the norm. 

The purpose of this section is to show that in every dimension d = 1, 2, . . . the 
norm is distinguished among all Hilbert seminorms defined on the space V of 
polynomials by being the largest Hilbert seminorm which is appropriate for operator 
theory on the unit ball of C^. As a consequence, we show that the function space 
is contained in every other Hilbert space of analytic functions on the open unit 
ball which has these natural properties. 
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Definition 4.1. Let zi, . . . ,Zd be a system of coordinate functions on C^. A Hilbert 

seminorm \\ • \\ defined on the space V of all polynomials is said to be contractive if 
for every o G C and every fi-, ■ ■ ■ ■ fd ^'P we have 

\\al + z^f^ + ...Zdfdf < |a|' + ll/if + + 

Remarks. Proposition 2.6 asserts that the norm is a contractive norm on V. 
From Proposition 4.2 below it follows that the Hilbert norms defined on V by both 
H'^{Bd) and H'^{dBd) are contractive norms. 

It is a simple exercise to show that if a Hilbert seminorm || • || is contractive 
relative to one system of coordinates zi , . . . , then it is contractive relative to 
every system of coordinates. Thus the definition of contractive seminorm depends 
only on the structure of as a d-dimensional Hilbert space. 

Notice too that if || • || is any contractive seminorm then for any system of 
coordinate functions , . . . , the multiplication operators [M^^ , ■ ■ ■ , ) give 
rise to a d-contraction acting on the Hilbert space obtained by completing V in this 
seminorm. Indeed, we have the following somewhat more concrete characterization 
of contractive Hilbert seminorms. 

Proposition 4.2. Let \\ ■ \\ be an arbitrary Hilbert seminorm on V, let H be the 
inner product space defined by \\-\\, and let Vq be the maximal ideal in V consisting 
of all polynomials f such that /(O) = 0. Then \\ ■ \\ is a contractive seminorm iff 
the following two conditions are satisfied 

(1) 1 -L Vq in the space H, and 

(2) For some system of coordinate functions zi, . . . ,Zd the multiplication oper- 
ators (Mj;^, . . . , Mz^) define a d-contraction on H. 

proof. Once one notes that the most general element of Vo is a sum of the form 
zifi + ■ ■ ■ + Zdfd with fi, ■ ■ ■ , fd & 'P, the argument is straightforward □ 

We collect the following observation, which asserts that condition (2) alone is 
enough in the presence of minimal symmetry. 

Corollary. For every A in the circle group {z £ C : \z\ = 1} and every f € V 
set fx{z) = f{\z), z G C^. Let \\ ■ \\ be a Hilbert seminorm on V which satisfies 
1 1 /a 1 1 = 11/11 fof every f E V and every X, such that for some system of coordinate 
functions zi, . . . ,Zd, the multiplication operators M^^ , • • • , give rise to a d- 
contraction acting on the Hilbert space H obtained from || • ||. 
Then \\ ■ \\ is a contractive seminorm. 

proof. We show that the symmetry hypothesis implies condition (1) of Proposition 
4.2. For every A in the unit circle we can define a unitary operator Ux uniquely on 
H by setting 

Uxf = fx, / G V. 

It is obvious that C/ is a unitary representation of the circle group on H. Moreover, 
if / is a homogeneous polynomial of degree n = 0, 1, . . . then we have 

Uxf = A"/ 

for all A. Thus for the inner product (•, •) associated with || • || we have 

{f,l) = {Uxf,Uxl) = X^ 
so that if n > 1 then (/, 1) = 0. It follows that 1 -LVq, as required □ 
Following is the main result of this section. 
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Theorem 4.3. Let \\ ■ \\ be any contractive Hilhert seminorm on V ■ Then for every 
f eV we have 

\\f\\<k\\f\\H^ 

where = ||1||. In particular, the norm is the largest contractive Hilhert semi- 
norm which assigns norm 1 to the constant polynomial / = 1. 

In particular, we see that the Hilbert norms arising from the "Hardy" space 
H^{dBd) and the "Bergman" space H'^{Bd) are both dominated by || • ||//2. Indeed, 
we have the fohowing inclusions of the corresponding Hilbert spaces of analytic 
functions in the open ball B^, 

^H\dBd)^H\Bd), 

where both inclusion maps are compact operators of norm 1. Since we do not 
require the latter assertion, we omit the proof. However, note that of these three 
function spaces, H"^ is the only one that does not contain H°° , and it is the only 
one of the three for which the d-contraction defined by the multiplication operators 
(M^j , . . . , Mz^) fails to be subnormal. 

Remark 4-4- Every d-contraction (Ti, . . . , T^) in 13(H) gives rise to a normal com- 
pletely positive map P on 13{H) by way of 

P{A) = TiAT* + ■■■+ TdAT^, A e B{H). 

Because of Remark 3.2 we have P(l) = TiT^ + ■■■ + TaT* < 1, and in fact the 
sequence An = P"'{1) is decreasing: = 1 > > ^2 > • • • > 0. Thus 

A^ = lim 

ra— >oo 

exists as a limit in the strong operator topology and satisfies < < 1- A 
d-contraction T = (Ti, . . . ,Td) is called null if A^o = 0. Notice that if the row 
norm of T is less than 1, i.e., TiT^ + • • • + TrfTJ < rl for some < r < 1, then 
||P|| = ||-P(1)|| < r < 1 and hence T is a null d-contraction. 

For the proof of Theorem 4.3 we require an operator theoretic result which relates 
closely to the material of section 6. Gelu Popescu has pointed out that the operator 
L is related to his Poisson kernel operator Kr of [35, section 8], when r = 1. 

Theorem 4.5. Let (Ti, . . . , T^) be a d-contraction on a Hilbert space H , define the 
operator 

A = {l-nT* TdT*y/\ 

and the subspace K = AH. Let E be a d-dimensional Hilbert space and let 

J^+iE) = C®E®E'^®... 

be the symmetric Fock space over E. 

Then for every orthonormal basis ei, . . . ,ed for E there is a unique bounded 
operator L : J^^(E) K ^ H satisfying L(l ^) = and 



L{ei,ei, ...ei„®0= TA ■ ■ ■ Ti„A^ 
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for every ii, . . . ,z„ G {1,2, .. . ,d}, n = 1,2, . . . . In general we have \\L\\ < 1, and 
if (Ti, . . . ,Td) is a null d-tuple, then L is a coisometry: LL* = 1h- 

proof. If there is a bounded operator L satisfying the stated condition then it is 
obviously unique because ^+ (E) is spanned by the set of vectors 

{!) ^ii ) Si2^»3' ^M^»5^»6' ■ ■ ■ • ^fe € {1, 2, . . . , dy, k = 1, 2, . . . }. 

We define L by exhibiting its adjoint. That is, we will exhibit an operator 
A : H ^ T{E) (g) K, T{E) denoting the full Fock space over E, and we will show 
that Pll < 1 and 

(4.6) (L(C),r7) = (C,^(r/)) 

for C, of the form 1 (g) ^ or ei^ei^ . . . ei„ (8) ^ for ,f £ At that point we can define 
L to be the adjoint of P+A, P+ denoting the projection of J-'{E) onto its subspace 
J'+iE). 

For every r] £ H, we define Ar] as a sequence of vectors (Co) Cij C2) ■ ■ ■ ) where 
Cn G E®"" is defined by 

d 

Cn= Yl ®---®ei„® at;;...7;;77 

5 . . . =1 

for n > 1 and (q = 1 ^ Arj. Notice that since T^*, . . . ,TJ commute, C„ actually 
belongs to the symmetric subspace E"- (g) K. We claim first that 

oo 
n=0 

SO that in fact A maps into J^{E) (g) K and is a contraction. Indeed, we have 

d d 

\\Cnf= \\^K---T:M'= E {Ti,...T,„A^Tl...T*^r,,r,). 

ii,...,i„=l ii,...,in=l 

Let P{A) = TiAT^ H h TdAT^ be the completely positive map of Remark 4.4. 

Noting that = 1 - P(l) we find that 

d 

Y . . . Ti^A^Tl ...T:^= - P(l)) = P-(l) - P-+\l), 

ii,...,in=i 

and hence 

llCnf = (P"(l)r?,r?)-(P"+i(l)r?,r?>. 
The series ||Co|P + IICilP + • • - therefore telescopes and we are left with 

oo 

(4.7) Y\\<nf = \\vf-{Aoori,v)<\\vf, 

n=0 

where A^o is the positive contraction A^o = lim„^oo P"'(l) of Remark 4.4. 
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We now verify (4.6) for ( of the form C = e^^ . . . Cj^ <X) C for n > 1, ji, . . . , j„ G 
{1,2,..., d} and ^eK.We have 

d 

= I] (e,-, (^•••®ei„,eii<8---<8eiJ(^,A7;;...i;» 

ii,...,i„ = l 

= <e, AX,* . . . r,* 77> = {Tj, ■ ■ ■ Tj„A^, r?) = (L(C), ry) . 
For C = 1 <X) ^ with ^ G if we have 

{l0^,Ar]) = {10^,10 At]) = (4,Aj7) = (Ae,r/), 

as required. If (Ti, . . . , T^) is a null d-tuple, then it is clear from (4.7) that A is an 

isometry and hence L is a coisomctry. □ 

proof of Theorem 4-3. Let H be the Hilbert space obtained by completing V in the 
seminorm || • ||. Choose an orthonormal basis Ci, . . . , for £^ = and let Zi, . . . , 
be the corresponding system of coordinate functions Zi{x) = {x,ei), i = 1, . . . ,d. 
Since || • || is a contractive Hilbert seminorm the multiplication operators 

Tk = M,„ k = l,...,d 

define a d-contraction (Ti, . . . , T^) in 13(H). Set 

A = {i-j2Tkn)'^\ 

k=l 

let K = AH be the closed range of A and let L : Tj^ {E)®K ^ if be the contraction 
defined in Theorem 4.5 by the conditions L{1® ^) = A^ and, for n = 1, 2, . . . 

(4.8) L{ei,...ei^®0 = Ti,...Ti^Ai, 

CeK, G {l,2,...,4. 

The constant polynomial 1 G "P is represented by a vector v in H. We claim that 
Av = V. Indeed, since || • || is a contractive seminorm, condition (1) of Proposition 
4.2 implies that 

V ±TiH + T2H + --- + TdH, 
and hence T^v = fov k = 1, . . . , d. It follows that 

||A^;f = (AV^> = \\vf - J2 = ll^f' 

k=l 

and hence Av = v because < A < 1. 

In particular, v = Av G Aii = K. Taking ^ = u in (4.8) we obtain 

L{ei,...ei^^v)=Ti^...Ti„v. 
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Since v is the representative of 1 in H, Ti^ ...Ti^v is the representative of the 
polynomial Zi^^ . . . in H, and we have 

L(ei, ...ei^®v) = Zi^... Zi^ G H. 

By Propostion 2.13 there is a unitary operator W : J-^(E) which carries 

1 to 1 and carries Zi^ . . . Zi^ G to Cj^ . . . e^^ G T-\-{E). Hence 

L{W{zi, ...ZiJ(g)v) = Zi,...Zi„. 

By taking linear combinations we find that for every polynomial f E V 

L{Wf®v) = f 

where, / on the left is considered an element of and / on the right is considered 
an element of H. Since ||L|| < 1 and W is unitary, we immediately deduce that 

\\f\\H<\\Wf®v\\ = \\f\\H--\\v\\H. 

Theorem 4.3 follows after noting that = D 

Remarks. In particular, the norm is the largest Hilbert seminorm || • || on the 
space V of all polynomials which is contractive and is normalized so that ||1|| = 1. 

The following result gives a precise sense in which the space will be present 
in any function space that is appropriate for doing operator theory relative to the 
unit ball in C^. 

Corollary. Let he a linear space of analytic functions defined on the open unit 
hall in C^, d = 1,2 ... , which contains all polynomials and is a Hilbert space relative 
to some Hilbert norm with the following two properties: 

(1) The constant functions are orthogonal to the space Vq of polynomials which 
vanish at 

(2) For some orthonormal set of linear functionals /i, . . . ,/d on the mul- 
tiplication operators (Mf^, . . . , Mf^) define a d-contraction on this Hilbert 
space. 

Then T contains all functions in H^ and the inclusion map of H^ into is a 
bounded operator. 

Remark. By an orthonormal set of linear functionals we of course mean a set of 
linear functionals of the form fk{x) = {x,ek) where ei, . . . ,6^ is an orthonormal 
basis for C''. 

proof. Let H be the subspace of T obtained by closing the space of polynomials 
in the norm || • || of .F. Since f £ V ||/|| is a contractive Hilbert norm on 
polynomials. Theorem 4.3 implies that ||/|| < A;||/||//2 for every / G "P, where 
k = ||1|| > 0. Thus H^ is contained in H C and the inclusion of H"^ in T is of 
norm at most k □ 



We will make use of the following extremal property of the H^ norm below. 
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Corollary 4.9. Let \\ • || be a contractive Hilbert seminorm on V satisfying ||1|| = 1 
and let zi, . . . , Z(i be a system of orthogonal coordinate functions for E = C^. Then 
for every n = 1,2, . . . we have 



(4.10) Ikii^*2---^i„f < 



n\(d-\)\ ' 

ii,...,i„=i 

with equality holding iff\\f\\ = \\f\\m for every polynomial f of degree at most n. 

proof. Let {ei, . . . ,6^} be an orthonormal basis for a d-dimensional Hilbert space 
E. We consider the projection G B{E®'^) of the full tensor product onto its 
symmetric subspace E'". Since || • || is a contractive seminorm, Theorem 4.3 implies 
that for alHi, . . . , z„ we have 

ll^ii • ■ •^i„|| < INii ■■■Zi„\\H'^ = ||-Pn(eii ® ■ ■ -^eiJW 

and hence 

d d 

Since {e^j <8) • • • ^ e^^ : 1 < zi, . . . , i„ < d} is an orthonormal basis for the term 
on the right is trace (P„) = dim(£?"'), and (4.10) follows from the computation of 
the dimension of E^ in A. 5. 

Let Vn denote the subspace of consisting of homogeneous polynomials of 
degree n, and let Qn be the projection of on Vn- The preceding observations 
imply that if A is any operator on which is supported in Vn in the sense that 
A = QnAQn then the trace of A is given by 

d 

(4.11) trace (^)= ^ {Azi^ . . . Zi^, Zi^ . . . Zi^) jj-^ . 

ii,...,i„ = l 

Now fix n and suppose equality holds in (4.10). Since || • || is a contractive Hilbert 
seminorm satisfying ||1|| = 1, Theorem 4.3 implies that ||/|| < ||/||h2 for every 
/ G ■p, and hence there is a unique operator H G B{H'^) satisfying 

{f,g) = {Hf,g)^., f,geP 

and one has < H < 1. Considering the compression QnHQn of H to Vn we see 
from (4.11) that 

trace {QnHQn) = dim(£'") = trace {Qn)- 

Since Qn — QnHQn > and the trace is faithful, we conclude that QnHQn = Qn-, 
and since is a positive contraction it follows that Hf = f for every f & Vn- 

We claim that Hf = f for every f G Vk and every k = 0,1, . . . ,n. To see 
that, choose a linear functional z £ V satisfying ||z||_h'2 = 1. Since || • || is a 
contractive seminorm we have \\z - f\\ < \\f\\ for every f E V and in particular we 
have Wz^^W = \\z"-~^z^\\ < \\z'^\\. Thus 

{Hz\z'')^, = \\z''f>\\z^f = \\z^j,.. 

Since the norm of any power of z is 1 and < < 1, it follows that Hz'^ = z^ . 
Since every polynomial of degree at most n is a linear combination of monomials 
of the form z'^ with z as above and A; = 0, 1, . . . ,n, the proof of Theorem 4.9 is 
complete □ 
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5. The Toeplitz C*-algebra. Let 5 = (Si, ... , Sd) be the d-shift. 

Definition 5.1. The Toeplitz C* -algebra is the C* -algebra 7^ generated by the 
operators Si, . . . ,S(i- 

Remarks. Notice that we have not included the identity operator as one of the 
generators of 7^, so that 7^ is by definition the norm closed linear span of the set 
of finite products of the form T1T2 . . .Tn, n = 1,2,..., where 

Ti G {Si, . . . , Sd, SI, . . . , S^}- 

Nevertheless, (5.5) below implies that 7^ contains an invertible positive operator 

(dl + N){1+ N)-' = S*iSi + ■■■ + S*dSd, 

and hence 1 G 7^. Thus 7^ is the C*-algebra generated by all multiplication 
operators M/ G B{H^), f eV. 

If one starts with the Hilbert space H^{dBd) rather than H'^ then there is a 
natural Toeplitz C*-algebra 

TaB, = C*{Mf -.feVjC B{H\dBd)), 

and similarly there is a Toeplitz C*-algebra 7b^ on the Bergman space 

Tb, = C*{Mf -.feVjC B{H\Bd)) 

[16]. In fact, it is not hard to show that the three C*-algebras 7^, T^b^ ^-^id Tg^ are 
unitarily equivalent. In that sense, the C*-algebra 7^ is not new. However, we are 
concerned with the relationship between the d-shift and its enveloping C*-algebra 
Td, and here there are some essential differences. 

For example, in the classical case of H'^{dBd) one can start with a continuous 
complex- valued function / G C{dBd) and define a Toeplitz operator Tf on H^{dBd) 
by compressing the operator of multiplication by / (acting on L'^{dBd)) to the 
subspace H^{dBd). In our case however, continuous symbols do not give rise to 
Toeplitz operators. Indeed, we have seen that there are continuous functions / on 
the closed unit ball which are uniform limits of holomorphic polynomials, but which 
do not belong to H^. For such an / the "Toeplitz" operator Tf is not defined. Thus 
we have taken some care to develop the properties of 7^ that we require. 

Let N be the number operator acting on H^, defined as the generator of the 
one-parameter unitary group 

r(e**lB) = e^*^, t G R, 

r being the representation of the unitary group of E on defined in the remarks 
following Definition 2.10. N obviously has discrete spectrum {0, 1,2,...} and the 
nth eigenspace of N is the space Vn of homogeneous polynomials of degree n, 

rn = {^eH^ ■.N^ = nC}, n = 0,1,2,.... 

(1 + A^)~^ is a compact operator, and it is a fact that for every real number p > 0, 

(5.2) trace (1 -h iV)-^ < 00 <^ p > d. 

Since N is unitarily equivalent to the Bosonic number operator, the assertion (5.2) 
is probably known. We lack an appropriate reference, however, and have included 
a proof of (5.2) in the Appendix for the reader's convenience. 

The following result exhibits the commutation relations satisfied by the d-shift. 
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Proposition 5.3. Suppose that d = 2,3,... and let {Si,...,Sd) be the d-shift. 
Then for all i,j = 1, . . . ,d we have 

(5.4) S*S, - S,S: = (1 + iV)-i(5,,l - S,S*), 
and 

(5.5) S*Si + ■■■ + S*aSd = (dl + iV)(l + N)-\ 

In particular, \\S*Si + ■ ■ ■ + S^SdW = d. The commutators S*Sj — SjS* belong to 
every Schatten class Cp{H'^) for p > d, but they do not belong to C^{H'^). 

Remark. It follows that if A, B are operators belonging to the unital *-algebra 
generated hy Si, . . . , S^, then AB — BA G C^H"^) for every p > d, and hence any 
product of at least d + 1 such commutators belongs to the trace class. 

proof. To establish these formulas it is more convenient to work with the cZ-shift in 
its realization on J-^(E) described in Proposition 2.13. Thus, we pick an orthonor- 
mal basis ei , . . . , for a d-dimensional Hilbert space E and set 

Si^ = ei^, l<i<d, 

ioi ^ e J='+{E) = C © E ® e The number operator N acts as follows on £'": 

m = n^, ee£^",n = 0,1,2,.... 

Wc first establish (5.4). It sufRccs to verify that the operators on both sides of 
(5.4) agree on every finite dimensional space -E", n = 0, 1, 2, ... . For n = and 
A G C we have S*Sj\ = XS^ej = SijX, while SjS*X = 0, hence (5.4) holds on C. 
For n > 1 and ^ G E'^ of the form ^ = we see from formula (3.9) that 



S*S,^ = S;{e,yn = ^2/" + {v, e,) e,y 



while 



Hence 



SiS*^ = {y, ej) Siy^-' = {y, ej) e^y^-^ 

s*Sii - SiS*i = - s,s*o. 



n + 

The latter holds for all ^ G because E'^ is spanned by {y" : y e E}, and (5.4) 
follows. 

Formula (5.5) follows from (5.4). Indeed, for ^ G E'^ we have 

1 T7 

S*Si^=^-^+^-SiS*^. 
n+1 n+1 

By the remarks following (2.10) we have 

(5.6) SiSl + ... + SdS*^ = l-Eo, 
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Eq denoting the projection on C. Summing the previous formula on i we obtain 

E SrSrf = 4t{ + ^(f - EoO = - -^E,( = 

^-^ n + 1 n + 1 n + 1 n + 1 n + 1 

1=1 

and (5.5) follows. 

Now suppose p > d. Because of (5.2) the operator (1 + N)~^ belongs to jC^; 
since is an ideal (5.4) implies that S*Sj — SjS* £ HP for all 

Finally, we claim that no self-commutator [S**, S\\ = S*Si — SiS* belongs to C^. 
Indeed, since the operators Si, . . . ,Sd are unitarily equivalent to each other (by the 
remarks following Definition 2.10), we see that if one [S*,Si] belongs to JC^ then 
they all do, and in that case we would have 

d 
i=l 

By (5.5) and (5.6) the left side of this formula is 

d d 

J2 S*Si - J2 SiS* = {dl + N){1 + AT)-! - (1 - Eo) 
i=i i=i 

= Eo + {d - + N)-\ 

Since (l + A^)"^ ^ by (5.2), we have a contradiction and the proof of Proposition 

5.3 is complete □ 

The d-shift and the Canonical Commutation Relations. The d-shift is closely related 
to the creation operators (Ci, . . . , C^) associated with the canonical commutation 
relations for d degrees of freedom. Indeed, one can think of S = (Si, . . . ,Sd) as the 
partial isomctry occurring in the polar decomposition of C = (Ci, . . . , Cd) in the 
following way. Choose an orthonormal basis ei, . . . , for a d-dimensional Hilbert 
space E. For A; = 1, . . . , d, Cfc is defined on the dense subspace of spanned 
by n = 0, 1, . . . as follows 

(see [40]). The Ck are of course unbounded operators, and they satisfy the complex 
form of the canonical commutation relations 

C*Cj-CjC* = Sijl, l<i,j<d. 

One finds that the row operator 

C = (Ci, . . . , Cd) : ^+(E) e • • • e J'+iE) J^+{E) 

d times 

is related to the number operator N by CC* = N, and in fact the polar decompo- 
sition of C takes the form 

C = N^/^S 

where S = {Si, Sd) is the d-shift; i.e., Ck = N^^^Sk, k = l,...,d. 

We have seen that the d-shift is not a subnormal d-tuple. The following result 
asserts that, at least, the individual operators Sk, k = l,...,d are hyponormal. 
Indeed, any linear combination of Si, . . . , is a hyponormal operator. 
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Corollary. For every k = 1, . . . ,d we have S^Sk > SkS^.. 
proof. Proposition 5.3 implies that 

SlSk - SkSl = (1 + N)-\l - SkSl). 

Since ||Sfe|| < 1, both factors on the right are positive operators. Let En be the nth 
spectral projection of A^, n = 0, 1, . . . . Since SkEn = E^+iSk it follows that SkS^ 
commutes with E^- Thus (1 + N)~^ commutes with 1 — 5^5^, and the assertion 
follows. □ 

Of course in dimension d = 1, the commutator S*S — SS*\s?i rank-one operator 
and therefore belongs to every Schatten class C^, p> 1. 

Theorem 5.7. contains the algebra K. of all compact operators on , and we 
have an exact sequence of C* -algebras 

^ /C ^ C{dBd) 

TT 

where tt is the unital *-homomorphism defined by 

Tr{Sk) = Zk, 

Zk being the kth coordinate function Zk{x) = {x,ek), x G dB^- 

Letting A be the commutative algebra of polynomials in the operators Si, . . . ,S(i 
we have 

(5.8) Td = spEnAA*. 

proof. Let Eq be the one-dimensional projection onto the space of constants in H^. 
By the remark following Definition 2.10 we have 

Eo = l-SiSl SdS^ e spanA4*. 

Thus for any polynomials /, g, the the rank-one operator 

f^g-^^{^,9)f 

can be expressed as 

/ (g) 5 = MfEoM* e spanA4*. 

It follows that the norm closure of spanA4* contains the algebra /C of all compact 

operators. 

By Proposition 5.3, the quotient T^/IC is a commutative C*-algebra which is 
generated by commuting normal elements Zk = Tr{Sk), k = 1, . . . ,d satisfying 

Z,z; + ■■■ + ZdZ*a = 1. 

Because is commutative modulo /C and since span^^* contains /C, it follows 
that span^^* is closed under multiplication and (5.8) follows. 

Let X be the joint spectrum of the commutative normal d-tuple (Zi, . . . , Z^) 
that generates Xi/K.. X is a nonvoid subset of the sphere dB^, and we claim that 
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X = dBd- Indeed, since the unitary group U{E) acts transitively on dB^ it suffices 
to show that for every unitary d X d matrix u = (uij), there is a *-automorphism 
9u of 7d//C such that 

d 
.7 = 1 

For that, consider the unitary operator U acting on E by 

d 

Then T(JJ) is a unitary operator on for which 

d 

r(c/)5,r(c/)*=^%5,-, 

hence 9u is obtained by promoting the spatial automorphism T i-^ T{U)TT{U)* of 
Td to the quotient Ta/)C. 

The identification of Xi/K. with C{dBd) asserted by 7r(S'j) = Zi, i = 1, ... ,d is 
now obvious □ 

6. (i-contractions and ^-morphisms. 

The purpose of this section is to make some observations about the role of A- 
morphisms in function theory and operator theory. 

Definition 6.1. Let A be a subalgebra of a unital C* -algebra B which contains the 
unit of B. An A-morphism, is a completely positive linear map 4> : B ^ ^{H) of B 
into the operators on a Hilbert space H such that (f){l) = 1 and 

(f){AX) = (l){A)<l){X) AeA,XeB. 

^-morphisms arose naturally in our work on the dilation theory of completely 
positive maps and semigroups [7,8,9]. Jim Agler has pointed out that they are 
related to his notion of hereditary polynomials and hereditary isomorphisms (for 
example, see [1, Theorem 1.5]). Indeed, if B denotes the C* -algebra generated by 
a single operator T and the identity, then one can show that a completely positive 
map of B which is a hereditary isomorphism on the space of hereditary polynomials 
in T is an .4-morphism relative to the algebra A of all polynomials in the adjoint 

In general the restriction of an ^-morphism to .4 is a completely contractive rep- 
resentation of the subalgebra A on H. Theorem 4.5 implies that every d-contraction 
T acting on a Hilbert space H gives rise to a contraction L : J^^(C^) ® K ^ H 
which intertwines the action of the d-shift and T. L is often a co-isometry, and that 
implies the following assertion about ^-morphisms. 

Theorem 6.2. Let A be the subalgebra of the Toeplitz C* -algebra 7^ consisting of 
all polynomials in the d-shift {Si , ■ ■ ■ , Sd) ■ Then for every d-contraction (Ti , . . . , T^) 
acting on a Hilbert space H there is a unique A-morphism 



4>:Td^ B{H) 
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such that ^(/Sfe) = Tk, k = 1, . . . ,d. 

Conversely, every A-morphism (j) : %i ^ ^{H) gives rise to a d- contraction 
(Ti,. . .,Td) on H by way ofTk = (p{Sk), k = l,...,d. 

proof. The uniqueness assertion is immediate from (5.8), since an ^-morphism is 
uniquely determined on the closed linear span of the set of products {AB* : A,B E 
A}. 

For existence, we first show that every null d-contraction T = (Ti, . . . , T^) defines 
an ^-morphism as asserted in Theorem 6.2. For that, let 

A = (i-riri* 

let K = AH be the closed range of A and let J^^{E) be the symmetric Fock 
space over E = C^. Choose an orthonormal basis ei, . . . ,6^ for E. Theorem 4.5 
asserts that there is a unique bounded operator L : Tj^{E) ® K ^ H satisfying 
L(l ® = for ^ G K and 

(6.3) L{ei,ei, . . . e^^ (8) = Ti^T^, . . . A^, 

for n = 1, 2, . . . , ii, ^2, . . . , ^„ G {1, . . . , d}, ^ E K\ moreover, since (Ti, . . . , T^) is a 
null d-contraction L is a coisometry. 

We may consider that the d-shift {Si, ... , Sd) is defined on J^+{E) by 

Sk^ = ek^, k = l,...,d. 

(6.3) implies that 

(6.4) L{f{Si,...,Sd)®lK) = f{Tu...,Ta)L 

for every polynomial / in d variables. Let (j) -.T^^ ^{H) be the completely positive 
map 

ct>{X) = L{X®lK)L\ Xe%. 

Since L* is an isometry we have 0(1) = Ij^. (6.4) implies that for every X E we 
have 

<^(/(Si, . . . , Sd)X) = /(Ti, . . . , TdMX), 

hence (f) is an v4-morphism having the required properties. 

The general case is deduced from this by a simple device. Let T = (Ti, . . . ,T(i) 
be any d-contr action, choose a number r so that < r < 1, and set 

fr = irTi,...,rTd). 

The row norm of the d-tuple TV is at most r, hence Tr is a null d-contr action (see 
Remark 4.4). By what was just proved there is an ^-morphism <pj. '■ Xi ^ ^i^) 
satisfying 

(pr{Sk) = rTk, k = l,...,d. 

We have 



MfiSi, . . . , Sd)9{Su . . . , SdT) = f{rTi, . . .,rTd)g{rTu . . . ,rTa) 
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for polynomials /, g. Since operators of the form f{Si, . . . , Sd)g{Si, . . . , 84)* span 
and since the family of maps (/>r, < r < 1 is uniformly bounded, it follows that 

(pr converges point-norm to an ^-morphism ^ as r j 1, and 4i{Sk) = Tfc for all k. 
It remains only to show that for every ^-morphism cj) : Td ^ ^{H), the operators 

Tfc = ^{Sk) define a d-contraction. To see that, write 

TkTl = 4>{Sk)<PiSk)* = (p{SkSl). 

Then 

d d 

^T,r,* = </>(^5fc5^)<<^(l) = l. 

k=l k=l 

So by remark 3.2, (Ti, . . . , T^) is a d-contr action □ 

Remarks. We have already pointed out that in general, an ^-morphism must be 
a completely contractive representation of A- Conversely, if A is the polynomial 
algebra in and (p : A ^ ^{H) is a representation which is d-contractive in the 
sense that its natural promotion io d x d matrices over ^ is a contraction, then 
after noting that the operator matrix 



/5i ^2 ... Sd\ 
... 



V ... / 



satisfies = ||^^*|| = \\SiSl + ••• + SdS*i\\ = 1, we find that the image of 

A under the promotion of ^ is a contraction, and hence = 4){Sk), k = 1, . . . ,d 
defines a d-contraction. Thus, we may conclude 

Corollary 1. Let d = 1,2, ... . Every d-contractive representation 4> of the poly- 
nomial algebra A C. T^, is completely contractive, and can be extended uniquely to 
an A-morphism 

4>:Td^ B{H). 

We have already seen that the unitary group Ud of acts naturally on 7^ as a 
group of *-automorhisms by way of 

eu{X)=T{U)XT{U)\ XeTd,UeUd. 

As a straightforward application of Theorem 6.2 we show that the definition of 
9 can be extended to all contractions in B^C^) so as to obtain a semigroup of 
^-morphisms acting on 7^. 

Corollary 2. Let A Q Td be the algebra of all polynomials in Si,...,Sd- For 
every contraction A acting on there is a unique A-morphism 9a -Td ^ B{H^) 
satisfying 

(6.5) 9A{Mf) = MfoA^ 

for every linear functional f on C^, A* denoting the adjoint of A E B{C'^). 

proof. Considering the polar decomposition of ^, we may find a pair of orthonormal 
bases ui, . . . ,Ud and u[, . . . ,u'^ for and numbers in the unit interval such that 

Auk = Xku'k^ k = l,...,d. 
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Let zi, . . . ,Zd and z[, . . . , z'^he the corresponding systems of orthogonal coordinate 
functions 

Zkix) = {x,Uk) , 

The Unear functionals z^ , z'^. are related by 

(6.6) ZkoA* = \kz'^, k = l,...,d. 

Thus if we realize the d-shift (^i, . . . , Sd) as Sk = M^^. and if we set = XkM^i^, 
then (Ti, . . . ,Td) is a d-contraction and Theorem 6.2 implies that there is a unique 
^-morphism 9a '■ ^ B{H^) such that 9A{Sk) = Tfe for every k. After noting 
that 9a satisfies (6.5) because of (6.6) above, the proof is complete □ 

Prom (6.5) together with the uniqueness assertion of Theorem 6.2 it follows that 
for two contractions A,B^ B{C^) we have 9ab = 9a° &b- It is routine to verify 
that 9a{Xi) C Td, that for every fixed X e Xi the function A i— 9a{X) moves 
continuously in the norm of 7^, and that 9a agrees with the previous definition 
when A is unitary. 

Uniqueness of Representing measures. Representing measures for points in the in- 
terior of the unit ball in are notoriously non-unique in dimension d>2. Indeed, 
for every t = {h,... ,td) G Bd there is an uncountable family of probability mea- 
sures fXci supported in the boundary dBd such that /Xq, _L /X/? for a 7^ /3 and 

/ /(C) t^Ma(C) = /(*), f&r 

see [37, p. 186]. The following result asserts that one can recover uniqueness by 
replacing measures on dBd with states on the Toeplitz C*-algebra which define 
.4-morphisms. 

Corollary 3. Let t = {ti,...,td) G C satisfy \ti\^ H + < 1 and let 

S = {Si, . . . , Sd) be the d-shift. Then there is a unique state (f)ofTd satisfying 

(6.7) cl>{f{S)g{Sr) = f{t)g{t), f,9^V. 
(p is the (pure) vector state 

ct>{A) = {l-\\tf){Auj,ut), AeTd 

where Ut{x) = (1 — {x,t))~'^ is the function defined in (1.11). 

proof. We may consider that t = (ti, . . . , t^) is a d-contraction acting on the one- 
dimensional Hilbert space C. Theorem 6.2 implies that there is a unique state 
(f) -.Td ^ C satisfying (6.7), and it remains only to identify (f). Prom (2.4) we have 

{MfM;ui,ui) = {M;ui,M}ui) = f{t)m\Wtf = (1 - wtfr^fmit) 

as asserted. □ 
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7. The d-shift as an operator space. 

In this section we consider the operator space Sd C B{H'^) generated by the 
d-shift {Si,...,Sd), 

Sd = {aiSi H h UdSd : ai, . . . , G C}. 

By a commutative operator space we mean a Unear subspace S C 13{H) whose 
operators mutually commute with one another. We introduce a sequence of numer- 
ical invariants for arbitrary operator spaces, and for dimension d > 2 we show that 
among all d-dimcnsional commutative operator spaces, Sd is distinguished by the 
fact that its sequence of numerical invariants is maximal (Theorem 7.7). 

Given an arbitrary operator space S C B{H), let T = (Ti,r2, . . . ) be an infinite 
sequence of operators in S such that all but a finite number of terms are 0. We 
write seq(5) for the set of all such sequences. Every such sequence has a "row 
norm" and a "column norm" , depending on whether one thinks of the sequence as 
defining an operator in B{H°°,H) or in B{H, H°°). These two norms are familiar 
and easily computed, 

1 1 rp 1 1 1 1 \ rp rp^ 1 1 1/2 

Ik llrouJ II / .-'-k-'-kW 
k 

1 1/2 



Til II \ ^ rji'^rrt I 

, Wcol - II / .-tfc-tfcl 



k 

Given two sequences T, T" G seq(5), we can form a product sequence (TjTj '■ i,j = 
1,2,...) which we may consider an element of seq{B{H)), if we wish, by relabelling 
the double sequence as a single sequence. Though for the computations below it will 
be more convenient to allow the index set to vary in the obvious way. In particular, 
every T G seq((S) can be raised to the nth power to obtain T" G seq{B{H)), 
n = 1,2,.... For each n = 1, 2, . . . we define En{S) G [0, +oo] as follows, 

En{S) = sup{||T"||2„; : T G seq(5), ||T||,,^ < 1}. 

In the most explicit terms, we have 

CXD OO 

Er,{s) = sup{|| • --KTir. ...T,A\:T,e s, || ^r,7;*|| < 1}, 

n,...,i„=l i=l 

the sup being taken over finitely nonzero sequences G S. 

Definition 7.1. Ei{S), E2{S), . . . is called the energy sequence of the operator 
space S. 

If S is the one-dimensional space spanned by a single operator T of norm 1, 
then the energy sequence degenerates to En{S) = ||T"|p, n = 1, 2, ... . In general, 
En{Sy^^ is the norm of the homogeneous polynomial T i-^ T", considered as a 
map of row sequences in S to column sequences in B{H). 

Remarks. We have defined the energy sequence in elementary terms. It is useful, 
however, to relate it to completely positive maps. Fixing an operator space S, 
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notice that every sequence T G seq((S) gives rise to a normal completely positive 
map Pf on B{H) as the sum of the finite series 

(7.2) Pf{A) = TiAT^ + TiAT^ + .... 

Let cp(5) denote the set of all completely positive maps of the form (7.2). The 
norm of P = Pj- is given by 

||P|| = ||P(1)|| = \\f\\row 

Now any map P G cp(<S) of the form (7.2) has an adjoint P* which is defined as 
the completely positive map satisfying 

trace {P{A)B) = trace (AP^B)) 

for all finite rank operators A, B. One finds that if P G cp(5) is given by the finitely 
nonzero sequence T then P* G cp((S*) is given by the sequence of adjoints 

(7.3) P* {A) = T*ATi + T;AT2 + .... 

Of course P, being a normal linear map of B{H), is the adjoint of a bounded linear 
map P* acting on the predual of B{H), and the map of (7.3) is simply this preadjoint 
extended from the trace class operators to all of B{H) (note that we use the fact 
that the sequence T is finitely nonzero here, since in general a bounded linear map 
of the trace class operators can be unbounded relative to the operator norm, and 
thus not extendable up to B{H)). 

In any case, we find that if P G cp(»S) has the form P = Py for T G seq((S) then 

||P*|| = ||P*(1)|| = \\f\\col. 

Thus the definition of En{S) can be restated as follows, 

(7.4) E^{S) = sup{||P;|| : P G cp{S), \\P\\ < 1}. 

The following result implies that for a finite dimensional operator space S the terms 
of the energy sequence are all finite, and if S is commutative then they grow no 
faster than En{S) = 0{n'''~^), where d is the dimension of S. 

Proposition 7.5. Let S be an operator space of finite dimension d. Then 

En{S) < d^, 

and if S is also commutative then 

d{d + l)...{d + n-l) {n + d-iy. 



EniS) < 



nl n\{d-iy. 



proof. Let P G cp(5) satisfy ||P|| < 1, and let d be the dimension of S. It is clear 
that the metric operator space [8] of P is a subspacc of S. and in particular there 
is a linearly independent set oi r < d elements Ti, . . . ,Tj. in S such that 



P{A) = Ti AT^ + ... TrAT; , AeB{H). 
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Since ||P|| = ||P(1)|| = \\TiT^ + ■■■+ TrT*\\ < 1 it follows that ||rfe|| < 1 for every 
k = 1, . . . ,r, hence 

IIP* II = ||r*ri + • • • + r;r^|| <r<d. 

Thus ||PJ*|| < d'^ for every n = 1, 2, From (7.4) we conclude that En{S) < d^. 

In fact, the preceding argument shows that if Q is a normal completely positive 
map of B{H) whose metric operator space is r-dimensional and which satisfies 
IIQII < 1, then we have ||Q*|| < r. 

We apply this to Q = P" as follows. By [8], the metric operator space £n of P" 
is a subspace of 

span{LiL2 . . . Ln : Li e S}. 

Assuming S to be commutative, the latter is naturally isomorphic to a quotient of 
the n-fold symmetric tensor product of vector spaces »S". Since 

^„ (n + d-l)! 
nl{d — 1)! 

(see formula A.5 of the Appendix), and since ||P"|| < 1, we find that 

||pn||_||/pn^ 11 < Him/' < + ^ - 1)[ 

linil-IK^ j*||<dimi„< • 
The required estimate follows from the observation (7.4). □ 

Remark. The asserted growth rate of the binomial coefficients of Proposition 7.5 is 
well known, and the precise asymptotic relation is reiterated in formula A. 6. 

Throughout the remainder of this section we will be concerned with finite di- 
mensional commutative operator spaces. 

Definition 7.6. A commutative operator space S of finite dimension d is said to 
be maximal if for every n = 1, 2, . . . we have 

(n + d- 1)! 



n\id-iy. 



Remarks. It is obvious that if 5 is a space of mutually commuting normal operators, 
then Eji{S) = 1 for every n. Similarly, it is not hard to show that if 5 is a finite 
dimensional space of commuting quasinilpotent operators, then 

lim E^{S) = 0. 

n — >oo 

Thus the maximal spaces are rather far removed from both of these types. 

It is also true (though less obvious) that if <S is a commutative operator space of 
dimension d for which 

^-^^^ - n\{d-l)\ 
for some particular value of n > 2, then 

{k + d-ll 

^'^^^ - k\{d-iy. 

for every k = 1,2, ... ,n. Thus for operator spaces which are not maximal, once 
the sequence of numbers En{S) departs from the sequence of maximum possible 
values, it never returns. We omit the proof of these assertions since they are not 
required in the sequel. 
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Theorem 7.7. For every d= 1,2,... the operator space of the d- shift is max- 
imal. 

Conversely, if d > 2 and if S is a d- dimensional commutative operator space 
which is maximal, then there is a representation it of the unital C* -algebra C*{S) 
generated by S on such that 

(1) vr(5) = Sd, and 

(2) the restriction of vr to the unital subalgebra of C*{S) generated by S is 
completely isometric. 

In particular, the Toeplitz C* -algebra %i is isomorphic to a quotient of C*{S). 

Before giving the proof of 7.7, we deduce from it the following characterization 
of Sd as a space of essentially normal operators (by that we mean a commuting 
family of operators in B{H) whose image in the Calkin algebra consists of normal 
elements). We remark that both the Corollary and the essential part of Theorem 
7.7 are false in dimension one. 

Corollary. Assume d>2. Up to unitary equivalence, the space Sd spanned by the 
d-shift is the only d-dimensional irreducible commutative operator space consisting 
of essentially normal operators, which is maximal in the sense of Definition 7. 6. 

proof of Corollary. Suppose that S acts on a Hilbert space H, and let K, denote the 
algebra of all compact operators on H. Let tt : C*{S) B{H'^) be the represen- 
tation of Theorem 7.7. The operators in S cannot be normal because Sd = vr(5) 
contains no normal operators. Since [5*, 5] C /C H C*{S) and since C*{S) is irre- 
ducible, it follows that C*{S) contains /C. vr(/C) cannot be {0} because that would 
imply that •7r(5) = Sd consists of normal operators. 

Thus TT is an irreducible representation of C*{S) which is nonzero on /C, hence tt 
must be unitarily equivalent to the identity representation of C*{S). In particular, 
S is unitarily equivalent to Sd □ 

proof of Theorem 7.7. The proof of Theorem 7.7 will occupy the remainder of this 
section. Let {Si, . . . , Sd) be the d-shift, let Sd = span{5i, . . . , Sd} be its associated 
operator space, and define P G cp{Sd) by 

P{A) = SiASl + ■ ■ ■ + SdAS*d. 

By the remark following Definition 2.10 wc have -P(l) = 1 — Eq, hence ||P|| = 1. 
Thus to show that Sd is maximal it suffices to show that for each n > 1, the operator 
P]^{1) satisfies 

(7.8) ||p:|| = ||p..(i)|| = M^. 

While (7.8) can be deduced directly from Corollary 4.9, we actually require some- 
what more information about the operators -P"(l) and their eigenvalue distribu- 
tions. 

Lemma 7.9. Let N = Ei-\- 2E2 + 3Es + . . . be the number operator acting on 
and for every n = 1, 2, . . . let gn : [0, 00) — > M 6e the bounded continuous function 

/ \ TT x-\-k-\-d— 1 

9n{x) = II — T ■ 

k=i 
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Then 

CO 

k=0 

The eigenvalue sequence {5n(0) ^ > • • • } of P^{1) is decreasing and we have 

llP"nMl {n + d-l)\ 

l|n(l)||=gn(0)= • 

If d>2 then the eigenvalue sequence is strictly decreasing, 5n(0) > 5n(l) > • • • • 

proof of Lemma 7. 9. The assertions follow from a direct computation, which can 
be organized as follows. By Proposition 5.3 we have 

(7.10) P*(l)=5i(iV), 

where N is the number operator and gi is the function of a real variable defined by 

giKx) = — — , x>0. 
x+1 

More generally, if g is any bounded continuous function defined on [0, oo), then we 
have 

(7.11) P.{g{N)) = ~g{N) 

where ^ 

g{x)=g{x + l) — — , x>0. 
x + 1 

Indeed, (7.11) follows from the fact that if denotes the feth spectral projection 
of iV, 

oo 
k=l 

then Efc is the projection on the subspacc of homogeneous polynomials of degree k 
in H^, and thus for each i = 1, . . . , d we have the commutation formulas S*Eo = 0, 
and S*Ek = Ek-iS* for A; > 1. It follows that P^{Eq) = and P<,{Ek) = Ek-iP*{l) 
for A; = 1, 2, ... , thus 



PMN)) = Y,9{k)P*{Ek) = ~g{N). 



k=l 

After iterating (7.11) we find that -Pr(l) = gn{^) where 

^ x + d-1 

9n{x) = I I —7—. 

f-^^ x + k 

k=l 

Since each ^„ is a monotone decreasing function we conclude that 

d{d + 1) . . . id + n - 1) 



|P:(l)||=5n(0) 



and (7.8) follows. It is clear from the recurrence formula for gn+i in terms of g„ 
that when d>2, gn{x) is strictly decreasing in a; □ 
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Corollary. Let u he a state of the Toeplitz algebra %i, d > 2, such that for some 
n>l we have 

u{p:{i)) = \\p:{i)\\ = ^l^Js^f . 

Then u is the ground state uj{X) = {Xv,v), v denoting the constant polynomial 
v = l. 

proof. Fix n. By Lemma 7.9 we have 

P;(l) = XoEo + XiEi + ... 
where Aq > Ai > ■ ■ ■ > and Aq = ||-P"(1)II- Thus has the form 

where is a positive operator satisfying K = (1 — Eo)K{l — Eg) and \\K\\ = 
Ai/Ao < 1. Since w(P^"(l)) = Aq we have 

aj{Eo)+u{K) = 1. 

If a;(£'o) < 1 then we would have 

u{K) < \\K\\u{l - Eo) = \\K\\{1 - uj{Eo)) < 1 - uj{Eo), 

contradicting the preceding equation. Hence u{Eo) = 1 and lo must be the ground 
state □ 

In particular, Lemma 7.9 implies that is maximal among all d-dimensional 
commutative operator spaces. 

In order to prove the converse assertion of Theorem 7.7, we recall one or two 
facts from the theory of boundary representations (see [3], 2.1.2 and 2.2.2). By a 
unital operator space we mean a pair S C. B consisting of a linear subspace 5 of a 
unital C*-algebra B, which contains the unit of B and generates H as a C*-algebra, 
B = C*(5). An irreducible representation n : B ^ ^{H) is said to be a boundary 
representation for 5 if vr \s has a unique completely positive linear extension to 
B, namely tt itself. Boundary representations are the noncommutative counterpart 
of points in the Choquet boundary of a function space S C C{X). Their key 
property is their functoriality; if Si C Bi and ^2 C B2 are unital operator spaces 
and (/!) : iSi ^ 1S2 is a completely isometric linear map satisfying (?!>(1) = 1 and 
(t>{S\) = S2, then for every boundary representation 7r2 : ^ ^^i^) foi" '^2 there 
is a unique boundary representation tti : Bi ^ S{H) for Si which satisfies 

(7.12) 7r2((/>(r)) = 7ri(T), T e Si. 

Lemma 7.13. For d > 2, the identity representation of the Toeplitz algebra is 
a boundary representation for the d + 1-dimensional subspace span{l, Si, ... , Sd}. 

proof. By [4, Theorem 2.1.1] it is enough to show that the Calkin map is not 

isometric when promoted to the space i^i S oi d X d matrices over S. Consider 
the operator A G (8) S defined by 

/Si ... 0\ 

52 ... 
A= . . 

\Sd ... 0/ 
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Then \\A*A\\ = \\SlSi + ■■■ + S^Sd\\ =dhy Proposition 5.3. Hence P|| = ^/d. On 

the other hand, by Theorem 5.7 the Calkin map carries Sk to the kth coordinate 
function Zk{x) = {x,ek), x G OBd- Hence the image of A under the promoted 
Calkin map is the matrix of functions on dBd defined by 



Fix) = 



/zi{x) ... 0\ 
Z2ix) ... 

\zd{x) ... 0/ 



Clearly sup{||F(a;)|| : x G dBd} = 1< Vd = \\A\\, as required. □ 

Lemma 7.14. Let S C B{H) be a commutative operator space of finite dimension 
d>2, and suppose S is maximal. Then there is a state p of the unital C* -algebra 
C*{S) generated by S and a d-contraction T = (Ti, . . . , Td), Ti G S, such that 

for all polynomials f,g^V. 

proof of Lemma 7.14- The set of all d-contractions (Ti, . . . ,Td) whose component 
operators belong to S can be regarded as a compact subset of the cartesian product 
of d copies of the unit ball of S, and of course the state space of C*{S) is wcak*- 
compact. Thus, after a routine compactness argument (which we omit), the proof of 
Lemma 7.14 reduces to establishing the following assertion: for every n = 1,2,... 
there is a pair {p,T) consisting of a state p of C*(5) and a d-contraction T = 
(Ti, . . . , Td) whose components belong to S such that 

(7.15) p{g{Trf{f)) = {f,g)^, 

for all polynomials f,g £ V of degree < n. 

To prove the latter, since En{S) = 
map P G cp(5) such that ||P|| < 1 and 

(n + d-l)\ 



To prove the latter, since En{S) = ^^^d-i)\ ^ completely positive 



(7.16) 



n\{d-l)\ 



(note that the supremum of (7.4) is achieved here because the space {P G cp(5) : 
||-P|| ^ 1} is compact). Considering that the metric operator space of P is a 
subspace of S [8] we can find a (linearly independent) set Ti, . . . , G 5 such that 



P{A) = Ti AT* + ... TrAT* , A G B{H) . 

• • • = Trf = to the sequence if necessary, we can assume 



By appending T^+i 
that r = d. Because 



||P|| = ||P(1)|| = \\T^Tl + --- + TdT2\\ < 1, 
T = (Ti, . . . ,Td) is a d-contraction for which (7.16) holds. 



42 



WILLIAM ARVESON 



Let p be any state of C*{S) satisfying 

{n + d-l) 



p(P:(1)) = \\P:{1) 



n\{d-l)\ ' 

and consider the positive semidefinite inner product defined on V by 

(7.17) {f,g)=p{g{frf{f)). 

One sees (after consideration of the GNS construction for tlic state p) that since T 
is a d-contr action, the Hilbert seminorm = p{f{T)*f{T)) satisfies 

lki/i + --- + ^d/d||'< + + 

for all polynomials fi, ■ ■ ■ , fd & 'P- By Proposition 4.2, || • || will be a contractive 
seminorm provided that 

l±ziP + --- + ZdV 
in its associated inner product space; or equivalently, that 

piTkf{f)) = 0, k = l,...,d,feV. 

Since /? is a state, the latter will follow if we establish 

(7.18) p(rfer,*) = o, k = i,...,d. 

To prove 7.18, let ^ : 7^ ^ ^^{H) be an ^-morhpism satisfying 4'{Sk) = Tfe, 
k = 1, . . . ,d (see Theorem 6.2), and let u be the state of 7^ defined hy oj = p o (f). 
We claim that uj is the ground state of 7^. Indeed, for every n-tuple of integers 
1 < ii, . . . , i„ < d we have by the Schwarz inequality 

(t){Sl . . . S*^Si^ . . . SiJ > (f>{Si^ . . . Si^y(t){Si„ . . . SiJ = T*^ . ..T*^Ti^ ■■■Ti^, 

and hence 

u;{si . . . sis,„ ... 5, J > p{t:^ . . . t:t,„ . . . r,j. 

Summing over all such n-tuples we obtain 

X: ^{si ■■■SIS,.--- s^,) > p{p:{i)) = • 

The Corollary of Lemma 7.9 implies that uj must be the ground state of 7^. In 
particular, for each k = 1, . . . , d we have 

p{nTl) = p(0(5fc)</.(5fe)*) = piHSkSD) = coiSkSl) = \\Sll\\^ = 0, 

and (7.18) follows. 

It is clear that the Hilbert seminorm of (7.17) is normalized so that ||l|p = 
p(l) = 1, so by Theorem 4.3 we have ||/|| < ||/||//2 for every / G "P. Corollary 4.9 
now implies that (7.15) is satisfied, and the proof is complete. □ 
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To complete the proof of Theorem 7.7, we find a d-contraction T = (Ti, . . . , T^) 
and a state p of C*{S) satisfying the conditions of Lemma 7.14. Let ^ C 7^ be 
the commutative algebra generated by the d + \ operators {1, Si, ... ^ Sd]- From 
Theorem 6.2 there is an ^-morphism (j) : ^ ^{H) satisfying 4>{Sk) = for 
A; = 1, . . . , d. 

The restriction o{ (j) to A is completely contractive, and we claim that it is 
completely isometric. To prove that, it is enough exhibit a representation a of 
C*{S) on another Hilbert space K and a subspace Kq <^ K which is invariant 
under the set of operators (T(ri), . . . ,(T{Tk) such that the d-tuple of restrictions 

{(r{Ti) \Ko,...,a{Td) 

is unitarily equivalent to the d-shift (5*1, . . . , 5^). The latter follows immediately 
from the properties of p. Indeed, the GNS construction applied to p gives a rep- 
resentation cr of C*{S) on a Hilbert space K and a unit cyclic vector ^ ^ K such 
that 

p{X) = {a{X%i) , XeC*{S). 

Letting Kq be the closure of {o"(/(T'))^ : / G "P} we see that Kq is an invariant 
subspace which, since p{g{T)*f{T)) = {f,g)fj2 for all f,g G V, has the stated 
properties. 

In particular, the dimension of the subspace of S spanned by Ti,... ,Td must 
be d = dim(5(i), and thus Ti, . . . is a basis for S. Using Lemma 7.13 and the 
functoriality property (7.12) of boundary representations it follows that there is a 
unique represenation tt : C* [S) B{H^), which is a boundary represenation for the 
unital algebra of all polynomials in Ti, . . . , T^, such that Tr{Tk) = Sd, k = 1, . . . , d. 
The representation tt obviously has the properties asserted in Theorem 7.7 □ 

8. Various applications. 

In this section we give several applications of the preceding results to function 
theory and multivariable operator theory. These are a version of von Neumann's 
inequality for arbitrary d-contractions, a model theory for d-contractions based on 
the (i-shift, and a discussion of the absence of inner functions in the multiplier 
algebra of the d-shift. 

We point out that Popescu has established various versions of von Neumann's 
inequality for non-commutative d-tuples of operators [30,32,34,35]. Here, on the 
other hand, we are concerned with d-contractions. The version of von Neumann's 
inequality that is appropriate for d-contractions is the following. 

Theorem 8.1. Let T = (Ti,...,Trf) be an arbitrary d-contraction acting on a 
Hilbert space H . Then for every polynomial f in d complex variables we have 

||/(Ti,...,r,)||<||/||M, 

11/11^ being the norm of f in the multiplier algebra M. of . 

More generally, let {Si, . . . ,Sd) be the d-shift and let A ^ Td be the algebra of 
all polynomials in Si, . . . , Sd- Then the representation f f{Ti, . . . , r^) defines a 
completely contractive representation of A. 

proof. The assertions are immediate consequences of Theorem 6.2, once one ob- 
serves that ||/||^ = \\f{Si,...,Sd)\\. □ 
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Turning now to models, we first recall some of the literature of dilation theory in 

d-dimensions. There arc a number of positive results concerning non-commutative 
models for non-commuting d-tuples which satisfy the conditions of remark 3.2. The 
first results along these lines are due to Prazho [21] for pairs of operators. Prazho's 
results were generalized by Bunce [15] to d-tuplcs. Popcscu has clarified that work 
by showing that such a d-tuple can often be obtained by compressing a certain 
natural d-tuple of isometries acting on the full Fock space J^{C'^) over (the left 
creation operators) to a co-invariant subspace of J^{C^), and he has worked out a 
functional calculus for that situation [28,29,30,31]. We also point out some recent 
work of Davidson and Pitts [18,19], relating to the operator algebra generated by 
the left creation operators on the full Fock space. 

There is relatively little in the literature of operator theory, however, that relates 
to uniqueness of dilations in higher dimensions (however, see [11]). Indeed, normal 
dilations for d-contractions, when they exist, are almost never unique. On the 
other hand, recent results in the theory of semigroups of completely positive maps 
do include uniqueness. Generalizing work of Parathasarathy, B. V. R. Bhat [14] 
has shown that a unital semigroup of completely positive maps of a von Neumann 
algebra M can be dilated uniquely to an £'o-semigroup acting on a larger von 
Neumann algebra N which contains M as a hereditary subalgebra. A similar (and 
simpler) result holds for single unital completely positive maps: there is a unique 
dilation to a unital endomorphism acting on a larger von Neumann algebra as above. 
In the case where M = B{H), the latter dilation theorem is closely related to the 
Bunce-Prazho theory of d-tuples by way of the metric operator space associated 
with a normal completely postive map of B{H) [8,9]. SeLegue [42] has succeeded 
in unifying these results. 

In the following discussion, we reformulate Theorem 6.2 as a concrete assertion 
about d-contractions which parallels some of the principal assertions of the Sz.-Nagy 
Foias model theory of 1-contractions [43]. Much of Theorem 8.5 follows directly 
from Theorem 6.2 and standard lore on the representation theory of C*-algebras. 
For completeness, we have given a full sketch of the argument. 

We recall some elementary facts about the representation theory of C*-algebras 
such as Td- Let vr : 7^ ^ B{H) be a nondegenerate *-represcntation of 7^ on a 
separable Hilbert space H. Because of the exact sequence of Theorem 5.7, standard 
results about the representations of the C*-algebra of compact operators imply that 
vr decomposes into a direct sum tti © tt2 where tti is a multiple of n = 0, 1, 2, . . . , oo 
copies of the identity representation of 7^ and 7r2 is a representation which anni- 
hilates /C. TTi and 7r2 are disjoint as representations of 7^. This decomposition 
is unique in the sense that if tt^ is another multiple of n' copies of the identity 
representation of 7^ and annihilates /C, and if vr^ © is unitarily equivalent to 
TTi © , then n' = n and is unitarily equivalent to 7r2 [5] . 

We will make use of these observations in a form that relates more directly to 
operator theory. 

Definition 8.2. Let d = 1,2,... . By a spherical operator (of dimension d) we 
mean a d-tuple (Zi, . . . , Z^) of commuting normal operators acting on a common 
Hilbert space such that 

Z*Zi + ■■■ + Z*Zd = 1. 

Spherical operators are the higher dimensional counterparts of unitary opera- 
tors. For every spherical operator {Zi, . . . , Za) acting on H there is a unique unital 
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*-representation tt : C{dBd) B{H) which carries the d-tuple of canonical co- 
ordinate functions to (Zi, . . . , Zd). This relation between d-dimensional spherical 
operators and nondegenerate representations of C{dBd) is bijective. 

If T = (Ti , . . . , Td) is an arbitrary d-tuple of operators acting on a common 
Hilbcrt space H and n is a nonnegative integer or +00 we will write n ■ T = 
(n • Ti, . . . , n • Td) for the o?-tuple of operators acting on the direct sum of n copies 
of H defined by 

n-Tk = Tk®Tk® 

V ' 

n times 

where for n = the left side is interpreted the nil operator, that is, no operator at 
all. The direct sum of two d-tuples of operators is defined in the obvious way as 
a c?-tuple acting on the direct sum of Hilbert spaces. The preceding remarks are 
summarized as follows. 

Proposition 8.3. Let (n, Z) be a pair consisting of an integer n = 0, 1, 2, . . . , 00 
and a spherical operator Z = (Zi, . . . , Zd) (which may be the nil d-tuple when 
n>\). Then there is a unique nondegenerate representation irofTd satisfying 

■K{Sk) = n- Sk® Zk, k = l,...,d. 

Every nondegenerate representation ofTd on a separable Hilbert space arises in this 
way, and if (n', Z') is another such pair giving rise to a representation n' , then tt' 
is unitarily equivalent to tt iffn' = n and Z' is unitarily equivalent to Z. 

Remarks. Of course, if Z is the nil d-tuple then its corresponding summand in the 
definition of tt is absent. Let S C B{H) be a set of operators acting on a Hilbert 
space H. A subspace K C H is said to be co-invariant under S is S*K C K. K is 
co-invariant iff its orthogonal complement is invariant, SK-^ C K-^. A co-invariant 
subspace K is called full if H is spanned by {T^ : ^ G K} where T ranges over 
the C*-algebra generated by S. The following are equivalent for any co-invariant 
subacc K: 

(8.4.1) is full. 

(8.4.2) H is the smallest reducing subspace for S which contains K. 

(8.4.3) For every operator T in the commutant of S US* we have 

TK = {0} =^ T = 0. 

Let A be the algebra generated by S and the identity. We will often have a situation 
in which the C*-algebra generated by A is spanned by the set of products .4^*, 
and in that case the following criterion can be added to the preceding list 

(8.4.4) H is the smallest invariant subspace for S which contains K. 
Indeed, since C*{A) is spanned by AA* we have 

spanC*(„4)i^ = span AA*K = span AK, 

hence (8.4.1) and (8.4.4) are equivalent. 

Since the d-shift is a d-contraction, any d-tuple (Ti, . . . ,Td) of the form 



Tk = n- Sk® Zk 
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described in Proposition 8.3 is a d-contraction. If K is any co-invariant subspace 
for {Ti, . . . , Td} then the d-tuple (r{, . . . , T^) obtained by compressing to K 

is also a d-contraction. Indeed, for each k = 1, . . . ,d we have 

and therefore '^k'^k* ^ 1- The following implies that d-tuples obtained from 
this construction are the most general d-contractions. 

Theorem 8.5. Let d = 1,2, . . . , let T = {Ti, . . . , T^) be a d-contraction acting on 
a separable Hilbert space and let S = {Si, . . . , Sd) be the d-shift. Then there is a 
triple {n, Z, K) consisting of an integer n = 0, 1, 2, . . . , oo, a spherical operator Z, 
and a full co-invariant subspace K for the operator 

n-S®Z 

such that T is unitarily equivalent to the compression of n - S ® Z to K . 

Let T' = {T[, . . . , T^) be another d-contraction associated with another such triple 
{n' , Z' ,K'). IfT and T' are unitarily equivalent then n' = n, and there are unitary 
operators V G B{n ■ H"^) and W : — Llz' such that for k = 1, . . . ,d we have 

VSk = SkV, WZk = z',,w, 

and which relate K to K' by way of {V © W)K = K' . 
Finally, the integer n is the rank of the defect operator 

l-T^T* T^T;, 

and Z is the nil spherical operator iffT is a null d-contraction. 

Remark 8.6. Notice that the situation of (8.4.4) prevails in this case, and we may 
conclude that for the triple (n, Z, K) associated with T by Theorem 8.5, the Hilbert 
space H on which n - S ® Z acts is generated as follows 

H = span{/(n ■ Si ® Z^, . . . ,n ■ S^® Zd)^: ^ e K, f eV} 

V denoting the set of all polynomials in d complex variables. 

Befire giving the proof of Theorem 8.5 we want to emphasize the following general 
observation which asserts that, under certain conditions, a unitary operator which 
intertwines two representations of a subalgebra ^ of a C*-algebra B can be extended 
to a unitary operator which intertwines *-representations of B. 

We recall a general theorem of Stinespring, which asserts that every completely 
positive map 

: ^ B{H) 

defined on a unital C*-algebra B can be represented in the form (j)(x) = V*it{x)V , 
where tt is a representation of B on another Hilbert space H^^, and V G B{H, Ht^). 
The pair (V, tt) is called minimal if 

i?7r = span[7r(x)^ : x e B,^ E H]. 

One can always arrange that {V, vr) is minimal by cutting down to a suitable sub- 
representation of TT. 
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Lemma 8.6. Let B be a C* -algebra and let A be a (perhaps non self-adjoint) 
subalgebra of B such that 

(8.7) B = spanll-IU^*. 

For k = 1,2 let (pk '■ B ^ B{H)~) be A-morphisms, and let U : Hi ^ H2 be a 
unitary operator such that 

U<t>i{a) = (t)2{a)U, aeA. 

Let (Vfc,7rfe) be a minimal Stinespring pair for (pk, (t>k{x) = V^T^k{x)Vk, x E B. 
Then there is a unique unitary operator W : H^^^ — > H^^^ such that 

(i) W'Ki{x) = 'K2{x)W, X e B and 

(ii) WVi = V2U. 

proof. Since both cpi and ^2 are „4-morphisms, the hypothesis on U imphes that 
U(j)i{ab*) = (j)2{ab*)U for all a,b e A. Hence (8.7) implies that U4>i{x) = (f)2{x)U 
for every x E B. The rest now follows from standard uniqueness assertions about 
minimal completely positive dilations of completely positive maps of C*-algebras 

[3] □ 

Remark. There are many examples of subalgebras A of C*-algebras B that satisfy 

(8.7) besides the algebra A of polynomials in the Toeplitz algebra %£. Indeed, if A 
is any algebra of operators on a Hilbert space which satisfies 

A* A CA-{-A* 

then the linear span of AA* is closed under multiplication, and hence the norm- 
closed linear span of AA* is a C*-algebra. Such examples arise in the theory of 
£^o-semigroups [6], and in the Cuntz C*-algebras 0„, n = 2, ... ,00. 

proof of Theorem 8. 5. Suppose that the operators act on a Hilbert space H. Let 
A be the algebra of all polynomials in the cZ-shift S = {Si, . . . , Sd). By Theorem 
6.3 there is an ^-morphism 

</) : Trf B{H) 
such that ^{Sk) = for = 1, . . . , d. Let 

^{X) = V*Tr{X)V, Xe% 

be a minimal Stinespring representation of (f). We have 

V*V = V*tt{1)V = = 1, 

hence V is an isomctry. 

We claim that VH is co-invariant under tt{A), 

(8.8) Tr{AyVH C VH. 

Indeed, ii A e A and P denotes the projection P = VV* then for every X eT^we 
have 

PTr{A)PTr{X)V = V^{A)(t){X) = V(f>{AX) = PTr{AX)V = PTr{A)Tr{X)V 
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and hence the operator PTr{A)P — PTr{A) vanishes on 

span[7r(X)e : X e Ta,^ e H] = H^. 

Thus Tr{A)*P = Ptt{A}*P and (8.8) follows. 

Because of minimality of (V, tt) it follows that the subspace K = VH C H^^ is a 
full co-invariant subspace for the operator algebra Tr{A). 

Proposition 8.3 shows that if we replace tt with a unitarily equivalent repre- 
sentation and adjust V accordingly then we may assume that there is an integer 
n = 0, 1, 2, . . . , oo and a (perhaps nil) spherical operator Z = (Zi, . . . , Z^) such that 
= n ■ H'^ Q Hz and 

Tr{Sk) = n ■ Sk ® Zk, k = l,...,d. 

That proves the first paragraph of Theorem 8.5. 

The second paragraph follows after a straightforward application of Lemma 8.6, 
once one notes that if we are given two triples {n,Z,K) and {n',Z',K') and we 
define representations tt and tt' of by 

7r(5fc) = n - Sk® Zk = ai{Sk) 0-2(5^), 
TT'iSk) = n' • 5fc Z[ = a[{Sk) ^(^fc), 

then o"! is disjoint from a2, cr'i is disjoint from a"2, while ak is quasi-equivalent to 
a'^. Thus, any unitary operator W which intertwines the representations tt and tt' 
must decompose into a direct sum W = Wi W2 where Wi intertwines o"i and a[ 
and W2 intertwines (T2 and ctj. 

To prove the third paragraph, choose an integer n = 0, 1, 2, ... , 00, let Z = 
{Zi, . . . ,Zd) be a spherical operator whose component operators act on a Hilbert 
space L, and let K Cn - L be a full co-invariant subspace for the operator 

n- S®Z, 

where S = {Si, . . . , Sa) is the d-shift. Define T = (Ti, . . . , T^) by 

Tj = PK{n ■ Sj ® Zj) \k, 

j = 1, . . . ,d. We have to identify the multiplicity n and the existence of the spherical 
summand Z in terms of T. 

Let Pk G B{n ■ L) denote the projection on K. Since K is co-invariant 
under n ■ S ® Z we have 

Pxin ■ Sj ®Zj) = PK{n ■ Sj Zj)PK = TjPk 

for every j = 1, . . . ,d, and hence 

(8.9) TjT* = PK{n ■ SjS] ZjZ*) \k ■ 

By the remarks following Definition 2.10 we may sum on j to obtain 

d 

(8.10) ^j^J* =PK{n-{l- Eo) 1l) \k= Ik -Pxin-Eo® 0) \k 
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where Eq G B{H'^) denotes the one-dimensional projection onto the constants. 
Prom (8.10) we find that the defect operator D has the form 

(8.11) D = lK-nT* TdT^ = PK{n ■Eo®0)\k. 

Now for any positive operator B we have = iff {B^, ^) = 0. Thus the relation 
(8.11) between the positive operators D and n ■ Eq Q implies that their kernels 
are related by 

e K : = 0} = £ K : {n - Eo(BO)^ = 0}, 

and hence 

rankD = dim((n • ® 0)if). 

The dimension of the space N = {n ■ Eq (B 0)K is easily seen to be n. Indeed, 
notice that if A G B{H^) is a polynomial in the operators Si, . . . , Sd then wc have 
EqA = EqAEq = {Al, 1) Eq, and hence EqA is a scalar multiple of Eq. Similarly, if 
B G B{n ■ © L) is a polynomial in the operators n ■ Si® Zi, . . . ,n ■ Sd® then 
{n ■ Eq ® 0)B is a scalar multiple of {n- Eq®0), and hence for all such B we have 

{n-Eo® 0)BK C N. 

Because K is a full co-invariant subspace, (8.4.4) implies that n • © L is spanned 
by vectors of the form i?^, with B as above and ^ £ K. It follows that 

{n- EQ®0){n- ® L) C N, 

and therefore N is the range of the n-dimensional projection n ■ Eq ® 0. Hence 
dimA'^ = n. 

Finally, we consider case in which T is a null d-contr action. Let Q and P be the 
completely positive maps on B{H^) and B{K) given respectively by 

P{A) = SiAS* + ■ ■ ■ + SdAS*^, AeB{H^), 

Q{B)=TiBT* + --- + TdBT2, BeB{K). 

Formula (8.9) implies that Q{1k) = Pxin ■ P{1h'^) © It) \k- Similarly, using 
co-invariance of K repeatedly as in (8.9) we have 

Tn...TjTl...T;^=PK^-(S,,...S,^Sl---S*J®Z^^-..Z^^Zl---Z*J \j, 
for every ji, . . . , jV £ ■ ■ ■ ,d}. After summing on ji, . . . , jV wc obtain 

Q'^{lK) = PK{n-P^{lH2)®lL) k, r = l,2,.... 
Since P'"(1^^2) J, as r — > oo, we have 

lim Q'^{1k) = Pk{0®1l) \k. 

We conclude that f is a null d-tuple iff © L ± iC, that is, K C n- H'^ ® {0}. 
Noting that n ■ H'^ ® {0} is a reducing subspace for the operator n ■ S ® Z we see 
from (8.4.2) that 

n-H^®LCn-H^® {0}, 

and therefore L = {0}. But a spherical d-tuple cannot be the zero d-tuple except 
when it is the nil d-tuple, and thus we have proved that T is a null cZ-contr action 
iff Z is nil □ 

The two extreme cases of Theorem 8.5 in which n = and n = 1 are noteworthy. 
From the case n = we deduce the following result of Athavale [11], which was 
established by entirely different methods. 
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Corollary 1. Let Ti, . . . ,Td be a set of commuting operators on a Hilbert space H 
such that TfTi H h T^Ta = 1. Then (Ti, . . . , T^) is a subnormal d-tuple. 

proof. Let = T^- (^i, ■ ■ ■ , A^) is a d-contraction for which 

n = rank(l - AiAl AaA*^) = 0. 

Theorem 8.5 impHcs that there is a spherical operator Z = (Zi, . . . , Z^) acting on 
a Hilbert space H D H such that Z^H G H and A^ is the compression of Zj^ to H, 
k = l,... ,d. Hence Ti, = Al = Z^ \h for every k, so that {Z^, ■ ■ ■ , Z^) is a normal 
d-tuple which extends {Ti, . . . ,Td) to a larger Hilbert space □ 

Prom the case n = 1 we have the following description of all d-contractions that 
can be obtained by compressing the d-shift to a co-invariant subspace. 

Corollary 2. Every nonzero co-invariant subspace K C for the d-shift S = 
{Si, . . . , Sd) is full, and the compression of S to K 

Tk = PrSu \k-i k = 1, . . . ,d 

defines a null d-contraction T = (Ti, . . . , T^) for which 

(8.12) rank(l - T^T* TrfTJ) = 1. 

If K' is another co-invariant subspace for S which gives rise to T' , then T and T' 
are unitarily equivalent if and only if K = K' . 

Every null d-contraction {Ti, . . . ,Td) satisfying (8.12) is unitarily equivalent to 
one obtained by corn,pressing {Si, . . . , Sd) to a co-invariant subspace of . 

proof. Let {0} ^ K C be a a co-invariant subspace for the set of operators 
{Si, . . . , Sd}. Since 7^ is an irreducible C*-algebra it follows that K satisfies con- 
dition (8.4.2), hence it is full. Let Tj be the compression of Sj to K, j = 1, . . . ,d. 
The canonical triple associated with T = {Ti, . . . ,Td) is therefore {l,ml,K), and 
the third paragraph of Theorem 8.5 implies that T is a null d-contraction satisfying 
(8.12). 

If K' is another co-invariant subspace of iJ^ giving rise to a d-contraction T' 
which is unitarily equivalent to T then Theorem 8.5 implies that there is a unitary 
operator V which commutes with S = {Si, . . . , Sd} such that VK = K' . Because 
V is unitary it must commute with S* as well, and hence with the Toeplitz algebra 
Td. The latter is irreducible, hence V must be a scalar multiple of the identity 
operator, hence K' = K. 

Finally, if T = (Ti, . . . ,Td) is any null d-contraction then Theorem 8.5 implies 
that the spherical summand Z of its dilation must be the nil d-tuple, and if in 
addition 

rank(l - TiT^ T^TJ) = 1, 

then the canonical triple associated with T is (1, nil, K) for some subspace K of 
which is co-invariant under the d-shift □ 

Lemma 7.13 asserts that the identity representation of the Toeplitz C*-algebra 
is a boundary representation for the unital operator space generated by the d-shift. 
This fact has a number of interesting consequences, and we conclude with a brief 
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discussion of one of them. Rudin posed the following function-theoretic problem 

in the sixties: Do there exist nonconstant inner functions in H°°{Bd) [37]? This 
problem was finally solved (affirmatively) in 1982 by B. A. Aleksandrov [38]. The 
following Proposition implies that the answer to the analogue of Rudin's question 
for the multiplier algebra M is the opposite: there arc no nontrivial isometrics in 
B{H'^) which commute with {Si, . . . , Sd\ when d>2. Indeed, we have the following 
more general assertion. 

Proposition 8.13. Let Ti,T2, ... be a finite or infinite sequence of operators on 

H^, d > 2, which commute with the d-shift and which satisfy 

(8.6) Ti*Ti + T^T2 + ••• = !. 

Then each Tj is a scalar multiple of the identity operator. 

proof. Consider the completely positive linear map (p defined on B{H'^) by 

<I){A) = T*ATi + T;AT2 + .... 

The sum converges strongly for every operator A because by (8.6) we have 

||rie||' + ||T2e||' + --- = ||eiP<oo, ^eH\ 

Moreover, since each Tk commutes with each Sj we have Tj^SjTk = T^TkSj, and 
thus from (8.6) we conclude that (piA) = A for every A inS = spanjl. Si, ... , Sd}. 
Since the identity representation of 7^ is a boundary representation for S it follows 
that (j){A) = A for every A in the Toeplitz C*-algebra 7^- 

Let n be the number of operators in the sequence Ti,T2, . . . and let V be the 
linear map of to n ■ defined by 

V^={Tii,T2i,...). 

Because of (8.6) V is an isometry. Letting vr be the representation of B{H'^) on 
n ■ defined by 

Tr{A) = ^ e ^ e . . . , 
we find that {V, vr) is a Stinespring pair for (j), 

(j){A) = V*Tr{A)V, A G B{H^). 

Since 

{VA - Tr{A)vy{VA - 7t{A)V) = A*(I){1)A - (j){A)*A - A*(j){A) + (j){A*A) = 0, 

we conclude that VA — tt{A)V = 0. By examining the components of this operator 
equation one sees that T^A = AT^ for every k and every A e Since is 
an irreducible C*-algebra it follows that each Tk must be a scalar multiple of the 
identity operator □ 
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Appendix. Trace estimates. 

Fix d = 1, 2, . . . , let £'d be a d-dimensional Hilbert space, and let 

J^+{Ed)=C®Ea®El®... 

be the symmetric Fock space over E^- The number operator is the unbounded 
self-adjoint diagonal operator N satisfying = n^, ^ € E2, n = 0,1, . . . . Let P„ 
be the projection on E^. Then for every p > 0, {1 + N)~p is a positive compact 
operator 

oo 

{l + N)-P = Y,in + l)-''Pn 

n=0 

whose trace is given by 



(A.l) trace(l + iV)-^ = ^ 



°° dimE!; 



~i{n + 1)P ■ 

n=0 ^ ' 

Thus (1 + TV")"-^ belongs to the Schattcn class 0'{J^j^{Eii)) iff the infinite series 
(A.l) converges. In this appendix we show that is the case iff p > c/. Notice that 
the function of a complex variable defined for > d by 

Cd{z) = trace(l + A^)"^ 

is a d-dimensional variant of the Riemann zeta function, since for d = 1 we have 
dim E]^ = 1 for all n and hence 



oo 



n=l 



We calculate the generating function for the coefficients dim E'^ . 
Lemma A. 2. The numbers a^^a = dimE'^^ ore the coefficients of the series expan- 



sion 



(1 - Z)-" = «n,d^", \Z\ < 1. 

ra=0 

proof. Note that the numbers a^^a satisfy the recurrence relation 

(A.3) an,(/+i = ao,d + ai,d H h a„,d, n = 0, 1, . . . , d = 1, 2, 

Indeed, if we choose a basis Ci, . . . , for E^ then the set of symmetric products 

{ci^ei^ ...ei^:l<ii<---<in<d} 
forms a basis for the vector space E^l and hence an,d is the cardinality of the set 

Sn,d = {(il, • ■ ■ , «n) e {1, • • • , 4" : 1 < ^1 < • • • < < 4- 

Since Sn,d+i decomposes into a disjoint union 

n 

Sn,d+^ = U 'f*^^!' • • • ' ^n) ^ Sn,d+1 : ik < d, Zfc+l = ■ ■ ■ = in = d + 1} , 
k=0 
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and since the kth set on the right has the same cardinahty ak,d as Sk,d, (A. 3) 
follows. 

Prom (A. 3) we find that a„_d+i — a„_i_d+i = cin,d- Thus if we let fd be the formal 
power series 

oo 

(A.4) fd{z) = J2 <^n,dZ'' 



n=0 



then fd+iiz) - zfd+i{z) = fd{z), hence 



z 

Lemma A.l follows after noting that fi{z) = 1 + z + + • • • = (1 — z)~'^ □ 

Remark. Notice that the power series of Lemma A. 2 converges absolutely to the 
generating function (1 — z)~'^ throughout the open unit disk \z\ < 1. 

By evaluating successive derivatives of the generating function at the origin, we 
find that 

^, J- ™ {n + d-l){n + d-2)...d {n + d-l)\ 

A straightforward application of Stirling's formula [36, p. 194] 



leads to 



lim (n + 1) 



and hence 

(A.6) dimEJ 



n\ {d-iy. 



{d-iy. 

We now prove the assertion of (5.2). 
Theorem. For p > we have trace(l + N)~p < oo if and only if p > d. 
proof. By (A.6), the infinite series 



trace(l + N)-p = 



°° dim Eli 



converges if and only if the series 



5^ (n + l)p-d+^ 

n=0 ^ ' 



converges; i.e., iff p > d □ 
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